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Abstract: In this paper the symmetric primitive matrices of order n with exponent n — 
2 are completely characterized by applying a combinatorial approach, i.e., mathematical 
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§1. Introduction 


An n X n nonnegative matrix A = (aj;) is said to be primitive if A* > 0 for some positive 
integer k. The least such k is called the exponent of the matrix A and is denoted by y(A). 

Suppose that SE, = {7(A) : Ais asymmetric and primitive n x n matrix} be the 
exponent set of n x n symmetric primitive matrices. In 1986, J.Y.Shao!!] proved SE, = 
{1,2,--+ ,2n — 2}\S, where S is the set of all odd numbers among {n,n + 1,--+- ,2n — 2} and 
gave the characterization of the matrix with exponent 2n —2. In 1990, B.L.Liu et all?) gave the 
characterization of the matrix with exponent 2n — 4. In 1991, G.R.Li et all®! obtained the char- 
acterization with exponent 2n—6. In 1995, J.L.Cai et all4! derived the complete characterization 
of symmetric primitive matrices with exponent 2n — 2r(> n) which is a generalization of the 
results in [1,2,3], where r = 1, 2,3, respectively. In 2003, J.L.Cai et all5] derived the complete 
characterization of symmetric primitive matrices with exponent n — 1. However, there are no 
results regarding the characterization of symmetric primitive matrices of exponent n — 1. The 
purpose of this paper is to go further into the problem and give the complete characterization 
of symmetric primitive matrices with exponent n — 2 by applying a combinatorial approach, 
i.e., mathematical combinatorics ([7]). 

The associated graph of symmetric matrix A, denoted by G(A), is a graph with a vertex 
set V(G(A)) = {1,2,--- ,n} such that there is an edge from 7 to 7 in graph G(A) if and only 
if aj; > 0. Hence G(A) may contain loops if a;; > 0 for some i. A graph G is called to be 


lReceived February 26, 2008. Accepted March 18, 2008. 
?Foundation item: Project 10271017 (2002) supported by NNSFC. 
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primitive if there exists an integer k > 0 such that for all ordered pairs of vertices i, 7 € V(G) 
(not necessarily distinct), there is a walk from i to j with length k. The least such & is called 
the exponent of G', denoted by 7(G). Clearly, a symmetric matrix A is primitive if and only if 
its associated graph G(A) is primitive. And in this case, we have y(A) = 7(G(A)). By this 
reason as above, we shall employ graph theory as a major tool and consider y(G(A)) to prove 
our results. 


Terminologies and notations not explained in this paper are referred to the reference [6]. 


§2. Some Lemmas 


In the following, we need the conception of the local exponent, i.e., the exponent from vertex 
u to vertex v, denoted by (u,v), is the least integer & such that there exists a walk of length 
m from u to v for all m > k. We denote y(u, u) by y(u) for convenience. 


Lemma 2.1({1]) A undirected graph G is primitive if and only if G is connected and has odd 


cycles. 
Lemma 2.2([1]) If G is a primitive graph, then 


G)= 
(G) Pe Od, 


Lemma 2.3([2]) Let G be a primitive graph, and let u,v € V(G). If there are two walks from 
u tov with lengths ky and kz, respectively, where ky + kg = 1(mod 2), then 


y(u,v) < max{ky, ko} — 1. 


Suppose that Pinin(u, v) is a shortest path between u and v in G with the length dg(u, v) = 

|Pmin(u, v)|, called the distance between u and v in G. The diameter of G is defined as 
di G)= da(u, v). 
iam(G) ee G(u, v) 

Suppose that Pnin(G1, G2) is a shortest path between subgraphs G; and G2 of G with the 
length dg (G1, G2) = |Pmin(G1, G2)|, called the distance between G, and G2 in G. It is obvious 
that 

dg(Gi, G2) = |Pmin(G1, G2)| = min{|Prmin(u, v)| | Ue V(G)), VE V(G2)}. 


Let wu and v be two vertices in G,an (u, v)-walk is said to be a different walk if the length 
of the walk and the distance between u and v have different parity. A shortest different walk 
is said to be a primitive walk , denoted by Wyim(u, v) and its length by bg(u,v) or simply by 
b(u, v). 

Clearly, for any two vertices u and v in G, we have 


dg(u,v) < be(u,v), de(u,v) + be(u,v) = 1(mod 2). 
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Lemma 2.4([5]) Suppose that G is a primitive graph and u,v € V(G),then we have 
(a) y(u, da (u,v); 
(b) y(u, dg(u, v)(mod 2); 


v)2 
v)= 
(c) ¥(G) > diam(G),  7(G) = diam(G)(mod 2). 


Lemma 2.5([5]) Suppose that G is a primitive graph with order n. If there are u,v € V(G) 
such that y(u,v) = y(G) <n, then for any odd cycle C in G we have 


|V (Pain(u, v)) 1V(C)| <n — 7(G), 
where Pmin(u,v) is the shortest path from u to v in G. 


Lemma 2.6 Suppose that G is a primitive graph, u,v € V(G), then 
y(u, v) = ba(u, v) —1. 


Thus 


G)= b =e 
V(G) ees a(u, v) 


Proof Considering the definitions of y(u, v) and b¢(u,v), there is no any (u, v)-walk with 
the length of bg(u,v) — 2. So y(u,v) > be(u, v) — 1. 

On the other hand, for any natural number k > be(u,v) — 1, from the shortest path 
Pmin(u,v) we can make a walk of the length & between u and v when dg(u,v) —k = O(mod 2); 
from the primitive walk Wrin(u, v) we can make a walk of the length k between u and v when 
dg(u,v) —k =1(mod 2). So y(u,v) < be(u, v) — 1. 

Thus, we have y(u, v) = be(u,v) — 1. The last result is true by Lemma 2.2. 


According to what is mentioned as above, for arbitrary u,v € V(G), a different walk 
of two vertices u and v, denoted by W(u,v), must relate to a cycle C of G. In fact, the 
symmetric difference Pnin(u,v)AW(u, v) of Pmin(u,v) and W(u,v) must contain an odd cycle. 
Conversely, any odd cycle C in G can make a different walk W(u,v) between u and v because 
of the connectivity of G. So we often write W(u,v) = W(u,v,C). It is clear that for any 
u,v € V(G) there must be an odd cycle C’ in G such that 


be(u, v) = ba(u,v, C’) = |Wrim(u, v, C")|, 


then from Lemma 2.6 we have y(u,v) = y(u, vu, C’) = be(u, v,C’) — 1. The primitive walk can 
be write as 


Wrim(u, v) = Wrim(u, Vv, C’) = Pain(u, C’) U PO’) U Poa’ v), 
where P(C’) is a corresponding segment of the odd cycle C’ and 
y(u,v) = y(u,v,C") = de(u, C’) + |P(C’)| + dg(C’, v) - 1. 


Moreover, for any odd cycle C' in G we have be(u,v) = be(u,v,C") < be(u,v,C) and 
(u,v) = y(u,v,C") < 7(u,v, C). And if there is a vertex w € V(C"’) such that Pnin(u,C’) = 
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Prin(u,w) and Prin(C’, v) = Pmin(w,v) (ie., |Pmin(u, C’) A Pmin(C’, v) 1 V(C")|=1), then the 
odd C’ is called a primitive cycle between u and v. In this time we have 

y(u,v) = y(u, v, C’) = dg(u, w) + de(w, v) + |C’| — 1. 


Particularly, we put b(u,C) = b(u,u,C), b(u) = b(u,u); y(u,C) = 7(u,u,C), y(u) = 
y(u, u) for convenience. 


§3. Constructions of Graphs 


Firstly, we define two classes of graphs M,,_2 and N;,_2 as follows. 


(3.1) The set of graphs( these dashed lines denote possible edges in a graph) 


Mp2 =MY,UM?),UM2,UMe,, 


MY: n=m+2+2,(t21),0<i< B<jcm 
If {teya | 1 <a < t-1}NE(G) SF ©, then j = 1+1 and m = 1(mod 2). Otherwise, j-—i <m 


— ‘—- Co Cy e 
xt 
Yt W------------- Lt 
Lt-1 Ya @------------- La 
w 
La 
ry Y1 --- J SoS Se xy 
Ce oO cc 8 o 
VO U1 Vi Uj Um-1 Um vO Ui x V5 Um 
7 1 : 2 
Fig.(1) MY, Fig.(2) MO, 


and m = 0(mod 2). See Fig.(1). 


n—2° 


M?: n=m+2+4+2,(t20),0<i< B<j<m. 
1 


Let ¢ > 1: If {axy, | 1 < k < thn E(G) ¥ O, then j = i+1; |a— bd] = 1 when 
{wta,wy} C E(G) (0 < a,b < t), there may be a loop at w when a = t or b = t. If 
Ne(w) = {x,y} but not the case as above, d(x, y) = 2. If Ne(w) = {x} and de(w, Puy) > t, 
there may be a loop at w; Otherwise, if {wa,,wy} C E(G) (0 < a,b < t),then jf = i+1, 
ja — b] = lor j =i+2, a = b(m F 2) and there may be a loop at w when a = t or b = t. If 
Ne(w) = {x,y} but not the case as above, d(x,y) = 2. If Ne(w) = {a} and de(w, Pu) > t, 
there may be a loop at w. If there is not any loop at w and « = vs, then i > 1 or 7 < m when 
s= 7. 

Let t = 0: There are loops at v; and vj (0 <i < 4 <j < m), respectively, and no loop 
at w but there is a loop C such that dg(w,C) < #. There may be loops at the other vertices. 
See Fig.(2). 


M2: n=m+2#42,(E> 1 <it+1l<2<j<m. 
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j —t<m when m is an odd number; j — 7 < m—1 when m is an even number; j = i+ 2 


when {%aYati | 1<a<t}N E(G) # QO. See Fig.(3). 


Cy Co 
YET x. 
Yoo ee i ane 
Ya+1 : = Si Lt-1 
Sets a Ss, 
Vo U1 Ui Uji Um-1 Um vo U1 Vi Vitl Um-1 Um 
r 3 ‘ 4 
Fig.(3) M®), Fig.(4) Me), 


M”,: n=m- 2t4+2,(t > 0). 


n 


t>li= 4(m —1). The set of possible chord edges in Cap = Yyoyo41- + YeW%t «+ La+1 
Layo is {Layp | 0 < a,b < tra = W(F DO) or |a — b| = 2}. There may be a loop at w and 
{Car | a=b +2} U {Cy} #G, {Cas |a=b—2}U{Co} AO. 

t = 0: Ifi < $(m—1), then there are loops at vy($(m—1)<y<m). Ifi = $(m—1), 
then there are loops at vz and vy (0< 2 <i<y<m). Ifi> $(m-—1), then there are loops 


at v,(0 < a < $(m-—1)), there are loops at the other vertices.Fig.(4). 


(3.2) The set of graphs 


Nee = NO, UN), Uses UNS), n = 0(mod 2), 


wi 


where the set of subgraphs 


N,, 1<d<n-—1, d=1(mod 2), n=0(mod 2) 


is constructed in the following. 


(1) Let n = 2r + 2,take the copies K6), Ke vey ni” of r graphs K¢,, of order 
r+2 (The complement of complete graph K,+2) and a complete graph K. ae with loop at each 
vertex. Make the join graph (the definition of join graph and the complement of graph are 
referred to [6]): K6@} v mS, i=0,1,-:-,r—2and KY y K*o). Constructing a new 
graph K as follows: 


r—2 
c(t c(t+1 c(r—-1 *(r 
Ko = UE BAS UK Ss? VES) 


c(0 e(1 c(r—-1 *(r 
= KG V Kega Ve V Kea) VG. 
in, ee” 


e€ > 
r Ky 49's 
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Eis 


CU NANO UNAN OUAC ANG: 


CY 
ZR 


Za 


Fig.(5) The graph K with r = 4 


Suppose that the vertex sets of the graphs K, i K Oe ik, a Y and K a in order are 


VO = {us; | i= 1,2,---,r +2}, j=0,1,---,7, 
then 
V(K) =Vuv@u..uveDuve, 


Fig.(5) shows a graph K with r = 4. 

For d: 1 < d < 2r+1,d = 1(mod 2) given,take a path P, = ur oti--+-uiz of length 
t=r- 4(d —1) in K and an odd cycle Cg = U1 41441 °° + U1 jr—1U1,rU2,rU2,r—1° ++ U2t41Urt Of 
length d. Constructing a subgraph K,q) of K as follows 


Kia =P,UCg, 1<d<2r4+1, d=1(mod 2), 


which is called a structure subgraph. The subgraph in black lines in Fig.(5) shows Ks) (r = 4). 


(2) Let the set of vertex-induced subgraph of order n containing K(q) of K be K(® where 
1<d< 2r+1,d=1(mod 2), and for any graph N € K™ let the spanning subgraph containing 
Ka) of N be Nig), now we construct the set of graphs NV (4) as follows: 


N® = {Nw |NeEK}, 1<d<2r+1, d=1(mod 2). 
(3) Let the set of the graph Nig) € N satisfying the following conditions be 


N®,, 1<d<n—1, d=1(mod2), n=2r+2: 
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(i) diam(Nia)) < n — 2; 
ii) For d' > d,N;q) has no the subgraph K(,g-) to be the structure subgraph of N(q); 
(d) (d’) (d) 
iit) For the vertex « € N = Niq) with dy (x, Ca) > t,there must be odd cycle C such that 
(d) 
2dn (a, C) + IC| < n—1. 


§4. Main Results 


Theorem 4.1 G is a primitive graph with order n and for any verter w € V(G), y(w) < 
9(G) =n —2 if and only ifGE My _2. 


Proof We prove the Sufficiency first. Suppose that G € M,,_2, then G is a primitive graph 
with order n by the construction of M,,—2. For any vertex w € V(G) we have 


yw) <  max{y(vo);Y(Um)} = max{7(vo, C1), 1(Ym; Co) } 
< %t+m=n-2= 7G), 


and for any vertices u,v € V(G) we have 


y(u,v) < ¥(vo, Um) = 7(Vo, Um; Co) =n — 2. 


That is 7(G) = oe = 7(U0, Um) =n — 2. See Fig.(3-1))~ (3-4). 
U,VE 
For the necessity, suppose that G is a primitive graph with order n and 


o(w) <(G)=n-2 (4.1) 
for any vertex w € V(G). Without loss of generality, let u,v € V(G) such that 


y(u, v) ge) V(G) =n 


According to the discussion in § 2, there must be an odd cycle Cp such that 
¥(u, v) = y(u, v, Co) = 7(G) =n — 2. Let 


Pais = min (U,V) = VOUIL UZ UZ 5 Um, 


where vp = U, Um = v,then we know that n =m (mod 2) by Lemma 2.4. 
Suppose that C is an odd cycle in G, then by Lemma 2.4 we have 


lV (Puv) AV(C)| <n -— 7(G) =n —- (n- 2) = 2. (4.2) 


According to (4.2) the following discussion can be partitioned into three cases: 


4.1. Suppose that for any odd cycle C in G, 


then to = de(Puv, Co) = 1,do = |Co| = 1(mod 2). Now chose such odd cycle Co and the shortest 
(u,v)-path P,,, in G such that 2to + do is as small as possible. 
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Let 
Po = Prin(Puv, Co) = Tor] *** Lto; 
Vi =Vil,~URUG), Va=V(G)\ VU. 


where % = v;, Tip € V(Co), then n1 = |Vi| = m+to+do. Since n—-2 = y(u,v) = 7(u,v,Co) < 
m+ 2to + do == I, 


ng =|Vo] =n-—(m+totdo) <n—-—(n—-—1—to) =to +1. (4.4) 
4.1.1. Suppose that the odd cycle C’ satisfies y(v) = y(v,C’) and Pnin(v,C’) MN Po 4 O,then, 


by the choice of Py», Co, Po and the definition of y(v), we know that y(v,C’) = y(v,Co). By 
(4.1) we have 


y(v) = y(v, Co) = 2d(v, Co) + do — 1 = 2d(v, x4.) + do —1 <n —2. 


In this time, if there is an odd cycle Cy such that y(w) = 7(u,C1) and Pnin(u,C1)M Po 4 9, 
we can obtain in the same way that 


¥(u) = y(u, Co) = 2d(u, Co) + do — 1 = 2d(u, vz,) + dp —1 <n —2. 
Thus, we have 
¥(G) = y(u, v) = y(u, v, Co) = d(u, v1.) + d(v, 24) +dop —-1<n-2=(G), 
a contradiction. So we must have 
Pmin(u, C1) Po = O. (4.5) 
Let v; be the vertex with the maximum suffix in Pyin(u,Cy) A Puy and 
dy =|Ci|, ti =d(vi,Ci), Pi = Pmin(vi,Ci) = your: >- Yer, 
where yo = Vi, Yt, € V(C1). By (4.4) and (4.5), we have Pp NP; = O,i < j and 
1<ti<titdi—1<|Vel <to+1. (4.6) 
By the choice of P,,,,Co and Po we also have 
Qtyp + do < 2ty + dh. (4.7) 
From (4.6) and (4.7) we get 
8 9d) 4 dy Sig dy = 8 es eS. 


thus do < 3,do + dy < 4\ty = to| < Ii 
In all as above we have the following four cases 


(1,3), ti =to—-1; 
(3, 1), to =f — 1; 
(do, di) = (4.8) 
(1, 1), ty = to; 
(1,1), t1 =to+1, 
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and 
IV (Puy U Po UCo UP, UCi)| =m+tot+dottit+d,—-1l<n. (4.9) 
Thus 
n—2= (u,v) =¥(u,v,Co) < m+ 2tg + do — 1; (4.10) 
n—-2= (u,v) < y(u,v,C1) < m+ 2t1 +d, — 1. 
So it follows from (4.9) and (4.10) we have 
n-2<m+toth +5 (do eagaie4 5 (do Lay. (4.11) 


By (4.8) we have four subcases for discussions: 


(i) (do, di) = (1,3),t1 = to — 1,thus t) > 1,to > 2. By (4.10) and (4.11) we have 
n—2=~(u,v,Co) = m+ 2to + do —1= m+ 2t, +d, —1= (u,v, C1) = m + 2tlo, 
Le., n = m+ 2to + 2, therefore by (4.9) 
|V (Pav U Pp UCo U Py UC})| = 
Suppose that V(C,) = {yto-1, Yto, Z},by (4.1) and (4.2) we get 
ta ~E(G), vrye EEG), AFij, O<aK<toy, I0<BK<to 
Note that y(u) = y(u, C1) < y(G) and y(v) = y(v, Co) < ¥(G) we have 


<j<m. (4.12) 


m 
a 
Iftay € E(G), O<aK<toy, O<bK< 
and 


t),thena+b+1>j-1,i+j +a+b= 1(mod 2) 


i+b4+1+a+m—j+2(to —a) +d —-1, 
i-etithim— 7490, —)) 4g) —1, 


n-2= y(u, v, Co) 


(4.13) 
n-2= *y(u, UC) 


IN IN 


Soj-ti<b-—a+landj—icga—b+l1. From this we have 7 =i+landl1<a=b<to—-1. 
By (4.12) m is an odd. Otherwise, since m being an even , y(um) < 7(G),j —i<m. 

Additionally, it is clever that there may be loops at the vertices y;, and z,otherwise no any 
loop except for at r,,. So Ge M(t 9(t > 2). See Fig.(3-1). 


(it) (do, di) = (3,1),to = ti — 1,thus to > 1,t; > 2. The discussions of these graphs, which 
we omit, is analogous to that in (i), and we know that it is must be in MY W(t > 2). 


(itt) (do, di) = (1,1),to > 1. It is analogous to (i) that 
n—-2=y(u,v,Co) = y(u,v,C1) =m + 2to, 
Le., n=m-+ 2to4+ 2, 


U\La ¢ E(G), vrys ¢ E(G), A #1, j, O<ag to, 0<B< to, 
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and 
F m , 
USS Sea 


Thus, by (4.9) we have 
|\V (Puy U Po U P1)| =n-l. 


It is easy to see that the graph G has also another vertex, denoted by w and 1 < Ne(w) < 2. 
Ifapy € E(G), O< k,l < to, then j =i+1,1<k=I1< ty and 


(a) When {waa, wy} C E(G), (0 < a,b < to), similar to (4.13) we have 
a+b=1(mod2), 1=j—-—i<minfb—a+2,a—b+42}. 
That is Ja — b| = 1. It is clear that as a = tp or b = to, there may add a loop at vertex w; 
(b) When Ne(w) = {x,y} but not the case (a),d(x, y) = 2; 
(c) When Ne(w) = {x} and dg(w, Puy) > to, there may add a loop at vertex w. 
If there is not xpy, € E(G), O< k,l < to, then we have by similar discussions: 


(a’) When {waa,wyo} C E(G), (0< a,b < to),we have 7 =i4+1, |a—b| =1lorj =i+2, 
a= b, but m ¥ 2 and as a = to or b = to, there may add a loop at vertex w; 


(b’) When Ne(w) = {x,y} but not the case (a’), d(x, y) = 2; 


(c’) When No(w) = {a} and de(w, Puy) > to, there may add a loop at vertex w. If there 
is not any loop at vertex w and x = vs, then by y(w) < 7(G),i > lor j<mass= 4. 
To sum up we have G € M?) W(t > 1)(See Fig.(3-2)). 


(iv) (do, di) = (1, 1), ty = to +1 = 2. From (4.9) we get 
lV (Pu U Po UP1)| =n. 
And from (4.10) we have 
n—2=(G) =y(u,v,Co) =m+2to, y(u,v,C1) < m+ 2ty =m + Bo +2. 
i.e., 2 = m+ 2to + 2,and from (4.1) and (4.2), we have 
vta €E(G), AFG, O<ac<to; wy ¢E(G), O<p<i, 0<B<t. 
Sine y(u) = y(u, C1) = 27+ 2to +2 < m+ 2to,i+1 < F,thus 
1<it¢i<2 
S21 5} 
Now, if vnye ¢ E(G), w>it, 1<6<to+1, then by (4.1) we have j —i < mas mis 


odd and j —i < m—1 as m is even. 
If vay € E(G), 0S a<to,0 <b < th, then a+b+i+j7 =1(mod 2), 


<j<m. (4.14) 


l+a+m-—j+2(to — a), 
l+a+m—j+2(ti —)). 


The Characterization of Symmetric Primitive Matrices with Exponent n — 2 11 


Thus 1<j-i<b—a+land1<j-—i<a—b+3. this means that 7 =i+2 andb=a+l1. 
So Ge M), (See Fig.(3-3)). 

If vu,zys € E(G), (uw > 2), then it is must be that y;vj42 andi+2 <j by (4.14). The case 
similar to (b) in (iz#). 


4.1.2. Suppose that the odd cycle C’ satisfies y(v) = y(v,C’) and Pnin(v, C’) MN Po = @,then 
there is also an odd cycle C” such that y(u) = y(u,C”) and Pnin(u,C”)M Po = O. Otherwise, 
similar to 4.1.1. Let 

P= = O'), PY! = Pai(PavC) 


and writing #’ = dg(Piy,C’), d = |C"|; t’ =de(Pu,,C"), d” = |C"|, therefore 
\V(Puww UPp UP’UP"UQQUCUC)|=m+to+t +t" +do+d' +d" —-2<n. 


Since 

n—2=(u,v,Co) < m+ 2to + dy — 1, 

n—-2<y(u,v,C’) <m+2t'+d' —-1, 

n—2<y(u,v,C") < m+ 2t" +d" —1. 
Thus, we have 

n-2 <m+8(tot+t +t) + 5(dotdt+d”’)-1 

<n+1-F(o+t +t") — (do +d' +a") 
<n-2. 


to=tU=t"=1, dg=d =d"=1. 
So Ge M®),(t = 1)(See Fig. (3-2). 
4.2. Suppose that there is an odd cycle C in G such that 
V(Puv) NV (C) = {vi,v.}, (i <A). (4.15) 
Then from (4.2) we see that \ = 7+ 1,thus 


n—-2=y(u,v) <i+(m—A)4+|C]|-2=m+|C|-3= |V(Py UC)| -2<n-2, 


V(Pu UC) =V(G), n-2= (u,v) =7(G) = m+ |C| -3, 
or 
G=PywUC, n=m+|Cl|-1. (4.16) 


In the same time from (4.2), also we see that 


N[Co — {vi vit }] OV (Paw) = {vi, visi }- 
By (4.2) we have v;vi41 € Cyand y(u,v) = y(u,v,C),ie., putting C = Co. Let Op = 
YoYl + YtoWXty ***L1LoYo Where yo = Vi, Xo = Viti, to > 0, then |Co| = 2tp + 3,that is n 
m + 2to + 2. 
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If there is tayp € E(G),0 < a,b < to,then by y(u,v) = y(u,v,Co) we have |a — b| = 
O(mod 2). In this time we have the odd cycle Cap = yoYn41 +++ Yip WLty *** Lat1LaYp,and so 


m+ 2a+ 2t9 -a—b+2, 
m 


+ 2b+ 2t9 —-a—b+2. 


That is |a — b| < 2,or a= b F¥ O(tp S 1) or Ja — b| = 2(ty S 2). 

It is easily seen that the all of odd cycles in G is included in Z = {Cay |0 < a,b < to,a= 
b #0 or |a — b| = 2} where Cp = Coo except for possible loops Cy at y,, Cr at x4, and Cy at 
w. 

If there exists Cap, Cary’ € Z in G such that y(u) = y(u, Cav) < n—2, y(v) = ¥(v, Caw) < 
n — 2,then from (4.1) we get 


21+ 2b+ 2t7+2-a-—b<n 
2(m —1—1) + 2a’ + 2tp9 +2-a'-' Sn-3, 


note that n = m+ 2to + 2,the formula as above equivalent to 


2i<m-—3+a-b), 
2(m—-i-1)<m—3+0'-d’ 


1 
a=b+2, a =b'-2, i= 5(m—1). 


Otherwise,we must have y(u) = y(u, Cy) <n —2 and 7(v) = 7(v, Cz) < n—2,ie., 


21+ 2t9 <n-3, 
2(m —i—1)+2tp <n—-83, 


From this we can get i = $(m —1),and there are loops Cy at y,, and Cy at 24. 


To sum up,we obtain that 


to,a =b+2}U{C,} £O; 
io,a =b— 2} U{C,} #@. 


Evidently,this result is the same as the case of no any ray, € E(G),0 < a,b < to but 
Sd, 

When to = 0, ie., |Co| = 3,n — 2 = (u,v) = y(u, v, Co) = 7(G) =m. Set Co = viviziwi, 
then there are loops at vertex vz and vy as i= $(m—1) where0 <x <i=F(m—-1)<y<m, 
and there may be loops at the rest vertices;There must be a loop at vy as i < $(m — 1) where 
4(m —1) <y <™m, and there may be loops at the rest vertices; there must be a loop at vz 
as i > 4(m—1) where 0 < x < $(m-—1), and there may be loops at the rest vertices. So 


Ge M™), (See Fig.(3-4)). 
4.3. There is an odd cycle C’ such that 


V (Pw) al V(C) — {vi}, (4.17) 
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but there is not odd cycle C’ such that |V(Puv) AV(C")| > 2. Thus,we have 
n—-2= (u,v) < y(u,v,C) =m+|Cl—1=|V(Pw UC)|-1l<n-1. 
Since n = m(mod 2), 
n-2= (u,v) = 7(u,v,C)=m+ |C|—-1, |V(PwUC)|=n-1, 


ie, n = m+ |C| +1. Evidently,there is only one vertex w in G except for the vertices of 
V(Pw UC) and N(C — {u;}) A V(Pw) = {ui}. This indicates that C = Co and |Co| < 
3,otherwise,there must have y(u) > 7(G) or y(v) > y(G), contradicts to (4.1). 

When |Co| = 3 we have 7(G) = m+2 and n = m-+4. There is no any loop at the vertices 
on Puy. By (4.1) we have G € M(t = 1) (See Fig.(3-1)). 

When |Co| = 1 we have 7(G) = m and n = m+ 2. By (4.1) the set of graphs have the 
characteristic: there are loops at vj and vj as 0 <i < 4 <j < m ,there is no any loop at 
w,and there may be loops at the rest vertices. There exists a loop C such that dg(w,C) < 4. 
So Ge M”),(t = 0)(See Fig.(3-2)). 

The proof is complete. 


Theorem 4.2 Suppose that G is a primitive graph with order n, then there exists a vertex 
w € V(G) such that y(w) = 7(G) =n — 2 if and only if GE Ny-2. 


Proof For the sufficiency, suppose that G € N;,—2, without loss of generality suppose that 
Ge NO, 1 <d<2r+1,d=1(mod 2). Since diam(G) < n — 2,G is connected and it is clear 
that there is at least an odd cycle Cg in G. By Lemma 2.1 we know that G is a primitive graph 
and |V(G)| = ni + no = 2t+d+1l=n. 

In the following, we need only to prove two results: 


(1)7(uo) =n — 2. 


Evidently, y(uo, Ca) = 2dg(uo, Ca) + |Ca| — 1 = 2t+d-l=n-—-2. 
Suppose that there is any odd cycle C in G such that y(uo,C) < n—2 = 2r,then 
2d¢(uo, C) + |C] — 1 < 2r,i.e., 


1 
dg(uo,C) + g(ICl =I) <r. 
This means that there is an odd cycle C in the vertex-induced subgraph G/U] in G where 
U' ={u| de(uo,u) <r, uweV(G)}. 


This is impossible, since G[U’] is the subgraph of the vertex-induced subgraph K[V"] in Kk 
where 
V’ ={u|dx(uo,u) <r, uEeV(K)}, 
and K[V’] is a bipartite graph. So y(uo) = y(uo, Ca) =n — 2. 
(2) Vu,u € V(G), y(u,v) <n —2. 
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When u = v,If dg(u, Cu) < t, then 
y(u) <y(u, Ca) = 2t+d—1=2r=n-2; 


If dg(u, Ca) > t, then by the constructed condition (7i7) of G we see that there exists an odd 
cycle C in G such that 2dg(u, C) + |C| <n —1, that is 


y(u) < y(u, C) = 2dg(u,C) + |C] —1<n-2. 


Thus, we get y(u,v) <n—- 2. 
When wu # v, if dg(u, Ca) + dg(v, Ca) < 2t, then 


y(u, v) < y(u, v,Ca) < 26+d-lL=n—2; 


If dg(u,Ca) + da(v,Ca) > 2t,it might just as well suppose that dg(u,Ca) > t,then by the 
constructed condition (iz) of G we also see that there exists an odd cycle C in G such that 


2dg(u,C) + |C] <n-1. 


By considering the shortest path Pnin(u,C) from u to C and Pnin(uo, Ca) from up to Ca, 
if they intersect each other, let w be the first intersect vertex of Pnin(u,C) from u to C and 
Prin(uo, Ca), then dg(u, w) > de(uo, w). Thus 


y(uo) <¥(uo,C) < 2(dg(uo, w) + da(w, C)) + |C|-1 
< 2(de(u, w) + de(w,C)) + |C|-1 
= 2d¢(u,C) + |C|-1 
<n-2= (uo), 
acontradiction. Therefore,there are no any intersect vertex between Prin(u, C) and Prin(uo, Ca). 
Thus, by the connectivity of G and the condition ng = t+ 1, we have dg(u,Ca) = t+ 1 and 


dg(v, Ca) =t. This means that wv € E(G) or v = uo. 
If wy € E(G), then 


Yuzu) < (u,v, C) = de(u, C) + de(v,C) +|C]-1 
< 2de(u,C)+|C| -1<n—2; 


If v = ug, then 


y(u,v) <y(u, uo, Ca) < dg(u, Ca) + dea(uo, Ca) + |Cal — 2 
=2+d-1l=n-2. 


To sum up, we get Vu,u © V(G), y(u,v) <n—2. 

For the necessity, suppose that G is a primitive graph with order n,then there must be a 
vertex ug and an odd cycle C in G such that y(uo) = y(uo, C) = 7(G) = n — 2, choosing such 
vertex uo and odd cycle C' that the length d = |C| as large as possible and writing C = Cy. 
By the Lemma 2.4,we have 7(G) = y(uo) = de(uo, uo) = O(mod 2). So, let y(G) = 2r, thus 
n= 2r+2. 
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It is clear that Cq is a primitive cycle at vertex uo, let t = dg(uo,Ca), then y(uo) = 
2t+d—1=2r. Sot=r— $(d—1),1 <d<2r+4+1. Suppose that 


P, = Pmuin(uo,Ca) = our: Ut, Ca = urttep1 +++ Uepa—1Ut, 


and write 


Then, we calculate 
ny = |Vi(t,d)| =t+d, no=|Va(t,d)|=t+1, n=2t+d+1. 


What is mentioned as above indicates that there must be the structure subgraph K(q) = 
P,UCgq in G. In order to prove G € NO, C Ny—2,it is suffice to prove that (a) The graph 


G satisfies the constructed conditions (7),(#i) and (iti) of the set of N,:(b)The graph G isa 
subgraph of K. 


(a) By Lemma 2.4 we get diam(G) < 7(G) = 2r = n — 2,so the condition (i) holds. By 
the choice of Ca we know that for d’ > d there is not the structure subgraph K(d’) in G,so the 
condition (ii) holds. Suppose that there exists a vertex « in G such that dg(x,Ca) > t,then 
(a, Ca) = 2dg(x,Ca) +d—-1> 2t+d—1= 2r. If 2dg(x,C’) + |C"| > n — 1 for all odd cycle 
C” different from odd Cq in G, then also y(a,C’) = 2d¢(x,C’) + |C’] -1 > n—2 = 2r. So 
y(G) > (x) > 2r = 7(G), a contradiction. Therefore the condition (iti) holds too. 


(b) Suppose that the vertex set V(G) of G is divided into as follows: 
VieSuius UU 


in which U; = {u | dg(uo, u) =7, ue V(G)}, 7 = 0,1,2,--- ,r—-1, U, = {u | dg(uo,u) Sr, we 
V(G)}. 

Firstly, we prove that the induced vertex subgraphs G[U;] all are zero graphs, i = 0,1,2,--- ,r— 
1. Otherwise,there must be odd cycle in the vertex-induced subgraph G’ = G[Up UU, U---U 
U,—1]. Let C be an odd cycle in G’,then dg: (uo, C) + $(|C|—1) < r. Thus, y(uo) < y(uo, C) = 
2dq (uo, C) + |C| — 1 < 2r = 7(uo),a contradiction. 

Secondly, we prove that G[U,] is a subgraph of Iv ae By the definition of K, Moat is suffice 
to prove that |U,| < |K),| =r+2. In fact,when d = 1 since |U;| > 1, i = 0,1,--- ,r—1,we have 
Wr +2=|V(G)| >r+|Upl, ie., Up] <r+2. When d > 3 since |U;| > 1,1=0,1,--- ,t,|U;| > 2, 
j=t+1,---,r—1,we have 2r +2 = |V(G)| >t+1+4+2(r-—t—1)4+|U,|, ie, |U-| << t+3= 
r—4(d-1)+3<r42. 

To sum up, we obtain Ge NV 


> © Nn-2. The theorem is proved completely. 


Theorem 4.3 Suppose that A is a symmetric primitive matrix with order n,then y(A) = 
n—2 if and only if G(A) € My_2 UNj_2. 


Proof According to Theorem 4.1 and Theorem 4.2 the theory holds. 
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Abstract: In this work, a system of differential equation on Minkowski space-time E}, 
a special case of Smarandache geometries ([4]), whose solution gives the components of a 
space-like curve on Frenet axis is constructed by means of Frenet equations. In view of 
some special solutions of this system, characterizations of some special space-like curves are 
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§1. Introduction 


It is safe to report that the many important results in the theory of the curves in E? were 
initiated by G. Monge; and G. Darboux pionnered the moving frame idea. Thereafter, F. Frenet 
defined his moving frame and his special equations which play important role in mechanics and 
kinematics as well as in differential geometry (for more details see [2]). At the beginning of 
the twentieth century, A.Einstein’s theory opened a door of use of new geometries. One of 
them, Minkowski space-time, which is simultaneously the geometry of special relativity and the 
geometry induced on each fixed tangent space of an arbitrary Lorentzian manifold - a special 
case of Smarandache geometries ({4]), was introduced and some of classical differential geometry 
topics have been treated by the researchers. 

In the case of a differentiable curve, at each point a tetrad of mutually orthogonal unit vec- 
tors (called tangent, normal, first binormal and second binormal) was defined and constructed, 
and the rates of change of these vectors along the curve define the curvatures of the curve in 
four dimensional space [1]. 

In the present paper, we write some characterizations of space-like curves by the compo- 
nents of the position vector according to Frenet frame. Moreover, we obtain important relations 


among curvatures of space-like curves. 


§2. Preliminaries 


lReceived February 12, 2008. Accepted March 20, 2008. 
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To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the space E} are briefly presented (a more complete elementary treatment can be found in 
1). 

Minkowski space-time Ej is an Euclidean space E* provided with the standard flat metric 
given by 


g = —dx} + dx3 + dx? + dri, 


where (x1, 22,23, 24) is a rectangular coordinate system in E}. 

Since g is an indefinite metric, recall that a vector v € E} can have one of the three 
causal characters; it can be space-like if g(v,v) > 0 or v = 0, time-like if g(v,v) < 0 and null 
(light-like) if g(v,v)=0 and v 4 0. Similarly, an arbitrary curve a = a(s) in Ef can be locally 
be space-like, time-like or null (light-like), if all of its velocity vectors a’/(s) are respectively 
space-like, time-like or null. Also, recall the norm of a vector v is given by |lv|| = \/|g(v, v)]. 
Therefore, v is a unit vector if g(v,v) = +1. Next, vectors v,w in E} are said to be orthogonal 


if g(v,w) = 0. The velocity of the curve a(s) is given by |la’(s)||. The hypersphere of center 
m = (m1,mz2,m3,m4) and radius r € R* in the space Ej defined by 


H3(m,r) = {a = (a1, Q2,03, 04) € ES :g(a—m,a—m) = et : (1) 


Denote by {T(s), N(s), Bi(s), Bo(s)} the moving Frenet frame along the curve a(s) in the 
space E}. Then T, N, Bi, Bo are, respectively, the tangent, the principal normal, the first bi- 
normal and the second binormal vector fields. Space-like or time-like curve a(s) is said to be 


parameterized by arclength function s, if g(a’(s),a/(s)) = +1. Let J = Ws) be a curve in E}. 
If tangent vector field of this curve is forming a constant angle with a constant vector field U, 


then this curve is called an inclined curve. 


Let a(s) be a curve in the space-time E}, parameterized by arclength function s. Then for 


the unit speed curve a with non-null frame vectors the following Frenet equations are given in 


[5] : 


T 0 K 0 0 T 
N' bik (0 fot =O N 
(|= (2) 
By 0 3T 0 [bao By 
Bs 0 0 [5o 0 By 


Due to character of a, we write following subcases. 


Case 1 a is a space-like vector. Thus T is a space-like vector. Now, we distinguish according 
to N. 


Case 1.1 If N is space-like vector, then B, can have two causal characters. 


Case 1.1.1 By is space-like vector, then pu; (1 <i <5) read 


M1 =b3=—1, po = pa = ps = 1, 
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and T, N, B; and Bz are mutually orthogonal vectors satisfying equations 


g(T,T) = 9(N, N) = 9(B1, Bi) = 1, 9( Be, Bo) = -1. 


Case 1.1.2 B, is time-like vector, then p; (1 <i <5) read 


fy = —1, fe = ps = ba = bs = 1, 
and T, N, By and Bz are mutually orthogonal vectors satisfying equations 


g(T,T) = 9(N, N) = g(Bo, Bo) = 1, 9(B1, Bi) = -1. 


Case 1.2 N is time-like vector. Then pu; (1 <7 <5) read 


fa = M2 = 3 = Ha = 1, bs = —1, 
and T, N, B, and Bz are mutually orthogonal vectors satisfying equations 


g(T,T) = (Bi, Bi) = g(Ba, Bz) = 1, 9(N,N) = -1. 


Case 2 a is a time-like vector. Thus T is a time-like vector. Then pi; (1 <i <5) read 


fy = H2 = 4 = 1, 3 = Ws = —1, 
and T, N, B, and Bz are mutually orthogonal vectors satisfying equations 
g(T,T) = 1, g(N,N) = 9( Bi, Bi) = g( Ba, Bo) = 1. 
Here &,7 and o are, respectively, first, second and third curvature of the curve a. 
In another work [3], authors wrote a characterization of space-like curves whose image lies 


on H? with following statement. 


Theorem 2.1 Let a= a(s) be an unit speed space-like curve with curvatures x 40,7 #0 and 
a #0 in Et. Then a lies on He if and only if 


Sada (sled ae))}-» ° 


In the same space, Yilmaz (see [6]) gave a formulation about inclined curves with the 


following theorem. 


Theorem 2.2 Let a = a(s) be a space-like curve in E} parameterized by arclength. The curve 
a is an inclined curve if and only if 


Ss 8 


- = Acosh( [ ods) + Bsinh( [ ods), (4) 


0 0 


where7 40 ando 40, 4A,BER. 


In this paper, we shall study these equations in Case 1.1.1. 
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§3. Characterizations of Some Special Space-Like Curves in E} 


Let us consider an unit speed space-like curve € = €(s) with Frenet equations in case 1.1.1 in 


Minkowski space-time. We can write this curve respect to Frenet frame {T, N, Bi, Bg} as 


€ = €(s) =miT +m2N + m3B, + m4Bo, (5) 


where m,; are arbitrary functions of s. Differentiating both sides of (5), and considering Frenet 
equations, we easily have a system of differential equation as follow: 


d 
—— —mok—-1=0 
ane 
— + mk — m3T = 0 
i ; (6) 
m3 
aa. + mT + msc = 0 
dma 
— +ms30 = 0 
ds 


This system’s general solution have not been found. Owing to this, we give some special 


values to the components and curvatures. By this way, we write some characterizations. 


Case 1 Let us suppose the curve € = €(s) lies fully NB, By subspace. Thus, m; = 0. Using 
(6)1,(6)2 and (6)3 we have other components, respectively, 


) (7) 


These obtained components shall satisfy (6)4. And therefore, we get following differential 


Raa a ® 


By the theorem (2.1), (8) follows that € = €(s) lies on H@(r). Via this case, we write 
following results. 


equation: 


Corollary 3.1 Let € = &(s) be an unit speed space-like curve with curvatures « #0,7T #0 and 
o £0 in Et. 
(i) If the first component of position vector of € on Frenet axis is zero, then € lies on H@. 
(ii) All space-like curves which lies fully NB, By subspace are spherical curves. And position 
vector of such curves can be written as 


g=-in- 22a + 2/2 +2 (2 =) Bs: (9) 


K Tds °K ol|Kk ds \trds‘k« 


Case 2 Let us suppose the curve € = €(s) lies fully TB, By subspace. In this case m2 = 0. 
Solution of (6) yields that 
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mg = ——(s +e) ; (10) 
ma === (S(s+0)) 


o ds 


kK 
where c is areal number. Using (6)4, we form a differential equation respect to —(s+c) as 
i 


K OK 
alex Fe aes ay 
Using an exchange variable t = { ods in (11), we easily have 
0 
ad? 7k kK 
a (=u) +4) - ul) +6) =0, (12) 


where u(t) is a real valued function. (12) has an elementary solution. It follows that 


* (u(t) +c) = ke’ + kee“, (13) 
where k,, kg are real numbers. Using hyperbolic functions cosh and sinh, finally we write that 


s s 


“(s +c)=Ay cosh | ods + Ag sinh [ ods, (14) 
= 


where A; and Ag real numbers. Moreover, integrating both sides of (11), we have 


[=(s a 9) -- ae : |= (<(s + 9)) = constant. (15) 


Now, we write following results by means of theorem (2.2) and above equations. 


Corollary 3.2 Let € = &(s) be an unit speed space-like curve with curvatures « 40,7 #0 and 
ao £0 in Et and second component of position vector of € on Frenet axis be zero. Then 


(i) there are relations among curvatures of € as (11), (14) and (15); 
(ii) there are no inclined curves in E} whose position vector lies fully in TB, Bz subspace; 


(iti) position vector of € can be written as 


é(s) =(s+ 9 "(e+ )B +5 (F(s+9) Bo. (16) 


Case 3 Let us suppose m3 = 0 and « =constant. Then, we arrive 


m= 242 


eee ee (17) 


Substituting (17); and (17)2 to (6)1, we obtain following differential equation respect to 2 
= 
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d 0 97 KK 
if -=—, 18 
ds? (2) uaa T 4 =) 
(18) yields that 
(ol . 1 
— =I, cosks + lg sinks + —. (19) 
T KC 


And therefore, we write following results. 


Corollary 3.3 Let € = €(s) be an unit speed space-like curve with constant first curvature and 


tT 40,0 40 in E} and third component of position vector of € on Frenet axis be zero. Then 


(i) there is a relation among curvatures of € as (19); 


(it) position vector of € can be written as 


C4 d 
k ds 


esj= (=) Pin NN eB, (20) 


T 


Remark 3.4 Due to a, m4 can not be zero. Thus, the case m4 =constant is similar to case 3. 


And finally, considering system of equation (6), we write following characterizations. 


Corollary 3.5 Let € = €(s) be an unit speed space-like curve with curvatures « #0,7T #0 and 
o £0 in Et. 


(i) The components m, and mz can not be zero, together. This result implies that € = €(s) 
never lies fully B,Bz hyperplane. Similarly, the components mg and m3 can not be zero, 
together. This result follows that € = €(s) never lies fully in T Bg hyperplane. 

(ii) If the components m, = m2 = 0, then, for the space-like curve € = €(s), there holds 
& =constant and — =constant. 


- 
iit) The components m;, for 1 <i< 4, can not be nonzero constants, together. 
g 


Remark 3.6 In the case when € = €(s) is a space-like curve within other cases or when is a 
time-like curve, there holds corollaries which are analogous with corollary 3.1, 3.2, 3.3 and 3.5. 
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Abstract: Submanifolds are important objectives in classical Riemannian geometry, par- 
ticularly their embedding or immersion in Euclidean spaces. These similar problems can be 
also considered for combinatorial manifolds. Serval criterions and fundamental equations for 
characterizing combinatorially Riemannian submanifolds of a combinatorially Riemannian 
manifold are found, and the isometry embedding of a combinatorially Riemannian manifold 


in an Euclidean space is considered by a combinatorial manner in this paper. 
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§1. Introduction 


Combinatorial manifolds were introduced in [9] by a combinatorial speculation on classical 
Riemannian manifolds, also an application of Smarandache multi-spaces in mathematics (see 
[12] — [13] for details), which can be used both in theoretical physics for generalizing classi- 
cal spacetimes to multiple one, also enables one to realize those of non-uniform spaces and 
multilateral properties of objectives. 

For a given integer sequence 71, 72,°+* ,Nm,m > 1 with 0 < ny < ng < +++ < Mm, a COM- 
binatorial manifold M is defined to be a Hausdorff space such that for any point p € M , there 
is a local chart (Up, gp) of p, i-e., an open neighborhood U, of p in M anda homoeomorphism 


Yp : Up > Br 


i=l 


where By", B3?,--- ,By* are unit balls with () BY’ 4 and {ni(p),n2(p),--+ , sp) (p)} CS 
i=1 


a 


{n1,72,°++,Mm}and U {ni(p), n2(p), -+* ,Mg(p)(p)} = {71, N2,°-* , Nm}. Denoted by M(mi, no, 
pEeM 


-, Mm) OF M on the context. 
Let A = {(Up, ~p)|p € M(m1,n2,-++ ,Mm))} be an atlas on M(n1,no,+-- , nm). The max- 


s(p) 
imum value of s(p) and the dimension of (| B;" are called the dimension and the intersec- 
i=1 
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24 Linfan Mao 


tional dimensional of M(n1, N2,°**,Mm) at the point p, denoted by dy;(p) and du (p), respec- 
tively. A combinatorial manifold M is called finite if it is just combined by finite manifolds 
without one manifold contained in the union of others, called smooth if it is finite endowed 


with a C™ differential structure. For a smoothly combinatorial manifold M anda point 
ee ZS s(p) 

p € M, it has been shown in [7] that dimT,M/(n1,n2,--- ,m) = S(p) + Yo (ni — S(p)) and 
i=1 


= s(p) 
dimT M(n1,M2,°** ;%m) = 8(p) + 2a (ni — 8(p)) with a basis 


s(p) 
a) Ses O ee 
{a aoa elt S75 WI} WU tea | 8(p) +1 <7 < nid) 
or 


s(p) 


{de'*Ipl}1 <5 < 3@)}Y(U {ae lp | Sp) +1 <5 <a} 


for any integer i9,1 < ig < s(p). Let M bea smoothly combinatorial manifold and 


g € A?(M) = |) T2(p, M). 
peM 


If g is symmetrical and positive, then M is called a combinatorially Riemannian manifold, 
denoted by (M,g). In this case, if there is a connection D on (M,g) with equality following 
hold 


Z(9(X,Y)) = 9(Dz,Y) + 9(X, DzY) 


then M is called a combinatorially Riemannian geometry, denoted by y (M, 9, D). It has been 
showed that there exists a unique connection D on (M, g) such that (M, g, D) is a combinato- 
rially Riemannian geometry((7] — [8]). 

A subset § of a combinatorial manifold or a combinatorially Riemannian manifold M is 
called a combinatorial submanifold or combinatorially Riemannian submanifold if it is a com- 
binatorial manifold or a combinatorially Riemannian manifold itself. In classical Riemannian 
geometry, submanifolds are very important objectives in research, particularly their embed- 
ding or immersion in Euclidean spaces. These similar problems should be also considered on 
combinatorial submanifolds for characterizing combinatorial manifolds, such as those of what 
condition ensures a subset of a combinatorial manifold or a combinatorially Riemannian mani- 
fold to be a combinatorial submanifold or a combinatorially Riemannian submanifold in topology 
or in geometry? Notice that there are no doubts for the existence of submanifolds of a given 
manifold in classical Riemannian geometry. Thereby one can got various fundamental equa- 
tions, such as those of the Gauss’s, the Codazzi’s and the Ricci’s for handling the behavior 
of submanifolds of a Riemannian manifold. But for a combinatorially Riemannian manifold 
the situation is more complex for it being provided with a combinatorial structure. Therefore, 
problems without consideration in classical Riemannian geometry should be researched thor- 


oughly in this time. For example, for a given subgraph [ of G [a ] underlying M , whether is 
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there a combinatorial submanifold or a combinatorially Riemannian submanifold underlying I? 
Are those of fundamental equations, t.e., the Gauss’s, the Codazzi’s or the Ricci’s still true 
for combinatorially Riemannian submanifolds? If not, what are their right forms? All these 
problems should be answered in this paper. 

Now let M ; N be two combinatorial manifolds, F : M — N asmooth mapping and p € M. 
For Vu € TpM, define a tangent vector F,.(v) € Trip) N by 


F,(v) =v(foF), Vf ECR), 


called the differentiation of F at the point p. Its dual F* : TPG \N — T*M determined by 


(F*w)(v) =w(F.(v)) for Ww € TiN and Vu € TM 


(p) 
is called a pull-back mapping. We know that mappings J F, and F* are linear. 

For a smooth mapping F' : M — N and pe M, if Fp : Tp M = TrpyN is one-to- 
one, we call it an immersion mapping. Besides, if Fy, is onto and F : M = F(M) is a 
homoeomorphism with the relative topology of N , then we call it an embedding mapping and 
(F, M ) a combinatorially embedded submanifold. Usually, we replace the mapping F' by an 
inclusion mapping 7: M = N and denoted by (i, M ) a combinatorial submanifold of N. 

Terminology and notations used in this paper are standard and can be found in [1] —[2], [14] 
for manifolds and submanifolds, [8] — [5] for Smarandache multi-spaces and graphs, [7] — [10] 
for combinatorial manifolds and [11] for topology, respectively. 


§2. Topological Criterions 


Let M = M(ni, no, “++ Mm); N= N (ka, ko, --+ ,k,) be two finitely combinatorial manifolds 
and F : M — N asmooth mapping. For Vp € M, let (Up, Yp) and (Vr(p); Pr(py) be local charts 
of pin M and F(p) in N, respectively. Denoted by 


KX 
Jew (F\0) = ST 


the Jacobi matrix of F at p. Then we find that 


Theorem 2.1 Let F: M => N be a smooth mapping from M to N. Then F is an immersion 
mapping if and only if 


rank(Jx.y (F)(p)) = dy; (p) 
for Vp € M. 


Proof Assume the coordinate matrixes of points p € M and F(p) € N are [e* | stoysen 


s(p) 
and [y"?].(7(p)) xnacr(p)1 Tespectively. Notice that 


~ 7) (7) . oS ay : 
T,)M = (sal Fain» StS s(p), 1S fi S3(p), 8p) +1 Shs ns) 


and 
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s(F(p)) 
~ O : 
Tr (p)N = (ggurleot sa <3(F p))} U {9mm |F (p)> 5 S(F(p)) +1 < jo ch) 
i=l 


for any integer ip, 1 < io < min{s(p ) s(F (p))}. By definition, Fry is a linear mapping. We only 
need to prove that F., : Ty M = Tp N is an injection for Vp € M. For Vf € 2p, calculation 
shows that 


0 O(f oF) 
Paola if) = “aa 
_ ye OFHY Of 
ae Ox") OytY 
Whence, we find that 
O OFHY O 
LV 


According to a fundamental result on linear equation systems, these exist solutions in the 


equation system (2.1) if and only if 


rank(Jx,y(F)(p)) = rank(JX,y (F)(p)), 


where 


Fep(gz17) 


Fp( gar) 
Jx.y(F)(p) = | Ix.v(F)(p) 


a) 
Fup aasar) 


a 
Fp S30 ) 
We have known that 


rank(Jk.y(F)(p)) = dyz(p). 


Therefore, F' is an immersion mapping if and only if 


rank(Jx,y(F)(p)) = dyz(p) 


for Vp € M. 
For finding some simple criterions for combinatorial submanifolds, we consider the case 


that F: M3 N maps each manifold of M to a manifold of N, denoted by F': M 171 N, 
which can be characterized by a purely combinatorial manner. In this case, M is called a 


combinatorial in-submanifold of N. 
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Let G be a connected graph. A vertex-edge labeled graph G" defined on G is a triple 
(G; 71,72), where 7, : V(G) > {1,2,---,k} and m: E(G) — {1,2,--- ,J} for positive integers 
k and 1. 


(b) 


Fig.2.1 


For a given vertex-edge labeled graph G’ = (V", E”) ona graph G = (V, E), its asubgraph 
is defined to be a connected subgraph [' = G with labels 74|r(u) < T1|¢(u) for Vu € V(T) and 
To\r(u,v) < Te\@(u,v) for V(u,v) € E(L), denoted by [' < G¥. For example, two vertex-edge 
labeled graphs with an underlying graph K’4 are shown in Fig.2.1, in which the vertex-edge 
labeled graphs (b) and (c) are subgraphs of that (a). 

For a finitely combinatorial manifold M(ni, no, “++ jMm) with 1 < ny < ng << 
Mm,m > 1, we can naturally construct a vertex-edge labeled graph G” [M(n1, ng, +++ ,Nm)| = 
(V“, E”) by defining 


vl= {n; — manifolds M™ in M(n1, no, +++ Mm) [1 <i< mb} 


with a label 71(17™) = n,; for each vertex M™,1<i<m and 


EP = {(M™, M"™)|M" (us Z0,1<i,7<m} 


with a label 72(M/™, WM") = dim(M™ (| Ms) for each edge (WM, M"),1 < i,j <m. This 
construction then enables us to get a topological criterion for combinatorial submanifolds of a 
finitely combinatorial manifold by subgraphs in a vertex-edge labeled graph. For this objective, 
we introduce the feasibly verter-edge labeled subgraphs of GY [M1] on a finitely combinatorial 
manifold M following. 

Applying these vertex-edge labeled graphs correspondent to finitely combinatorial mani- 
folds, we get some criterions for combinatorial submanifolds. Firstly, we establish a decompo- 
sition result on unit for smoothly combinatorial manifolds. 


Lemma 2.1 Let M be a smoothly combinatorial manifolds with the second axiom of countability 
hold. For ‘ip € M, let Up be the intersection of 8(p) manifolds My, Mz,--- , Mg»). Then there 
are functions fuz,, 1 <1 < 8(p) in a local chart (Vp, [Yp]), Vp C Up in M such that 
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1 onV,(\M, 
fu; = 


0 otherwise. 


Proof By definition, each manifold M; is also smooth with the second axiom of countability 
hold since 


A, = {(Up, [Pp] vpn: 


is a C® differential structure on M; for any integer i,1 < i < s(p). According to the decompo- 


pe mM, 


sition theorem of unit on manifolds with the second axiom of countability hold, there is a finite 


cover 


uM, = {Wi,a € N} 


on each M;, where N is a natural number set such that there exists a family function fy € 
C™ (Mi) with falwi = 1 but foln:\wi = 0. 
Not loss of generality, we assume that p € Wi, for any integer i. Let 


3p) 
Vp = (| Wao 
i=1 


and define 


Foro lw, if qe Wi, 


0 otherwise. 


fu; (q) = 


Then we get these functions fiy,,1 <i < 3(p) satisfied with our desired. 


Theorem 2.2 Let M be a smoothly combinatorial manifold and N a manifold. If for VM € 
V(G[M]), there exists an embedding Fy: M — N, then M can be embedded into N. 


Proof By assumption, there exists an embedding Fy : M — N for VM € V(G[M)). 
For p € M, let V, be the intersection of s(p) manifolds M,, Mz,--- , Map) with functions fyy,, 
1<i<s(p) in Lemma 2.1 existed. Define a mapping F:M—>Nat p by 


3(p) 


F(p) = x fu, F,- 
4=1 


Then F is smooth at each point in M for the smooth of each Fy, and Eg : Tp>M — T,N is 
one-to-one since each (Fiy,)«p is one-to-one at the point p. Whence, M can be embedded into 
the manifold N. 


Theorem 2.3 Let M and N be smoothly combinatorial manifolds. If for VM € V(G[M]), there 
exists an embedding Fy, : M — N, then M can be embedded into N. 


Proof Applying Lemma 2.1, we can get a mapping F:M = N defined by 
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8(p) 
F(p) = SS fu, Fu; 
4=1 


at Vp € M. Similar to the proof of Theorem 2.2, we know that F is smooth and : Tp)M > 
TpN is one-to-one. Whence, M can be embedded into N. 


Now we introduce conceptions of feasibly vertex-edge labeled subgraphs and labeled quo- 


tient graphs in the following. 


Definition 2.1 Let M be a finitely combinatorial manifold with an underlying graph G" [M]. 
For 1M € V(G*[M]) and UF c Newian() with new labels T2(M,M;) < Talgo an (M, M;) 
for VM; € U®, let J(M;) = {M}|dim(M 9 M!) = 72(M, M;), M/ Cc M;} and denotes all these 
distinct representatives of J(M;),M; € UY by 7. Define the index 0;;(M : U") of M relative 


to U" by 


om (M:U") = min {dim( LJ (M@()M’))}. 
M’'eJ 


A vertex-edge labeled subgraph 1” of G*[M] is feasible if for Vu € V(I"), 


Tilr(u) > og;(u: Nez (u)). 


Denoted by T¥ x, G"[M] a feasibly vertex-edge labeled subgraph VT" of G*|M]. 


Definition 2.2 Let M be a finitely combinatorial manifold, @ a finite set of manifolds and 
F}: M — & an injection such that for YM € V(G[M]), there are no two different Ny, No € Z 
with FL(M)NN, £0, Fi(M)A No #0 and for different My, Mz € V(G[M]) with F}(M,) c 
N,, Fi (Mz) C No, there exist Ni,N3 € & enabling that N,Q Ni #0 and NaN NS #0. A 


vertex-edge labeled quotient graph G’{M]/F} is defined by 


V(G2[M]/F}) ={N C Y|AM € V(G[M]) such that Fi(M) c N}, 


E(G*[M]/F}) = {(Ny, N2)|A(My, Mz) € E(G[M]), Ni, No € Lsuch that 
Fi(M) Cc Ni, Fi (M2) Cc No and Fi(M) N Fi (M2) f } 


and labeling each vertex N with dimM if Fi(M) C N and each edge (Ni, Nz) with dim(M,NM2) 
if F\(M;) iC Ny, Fi (M2) Cc No and Fi(M) M Fi (M2) x 0. 


According to Theorems 2.2 and 2.3, we find criterion for combinatorial submanifolds in the 
following. 


Theorem 2.4 Let M and N be finitely combinatorial manifolds. Then M is a combinatorial 


in-submanifold of N if and only if there exists an injection F} on M such that 


G*([M]/Fi <, N. 
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Proof If M is a combinatorial in-submanifold of N , by definition, we know that there is 
an injection F : M — N such that F(M) € V(G[N]) for VM € V(G[M]) and there are no 
two different Ni, No € Y with Fi(M)N Ni #40, Fi(M)M No # 0. Choose F} = F. Since 
F is locally 1—1 we get that F(M, 9M) = F(M,)M F(M2), ie., F(M,, M2) € E(G[N]) 
or V(G[N]) for V(My, Mz) € E(G[M]). Whence, G“[M]/F} = G[N]. Notice that G2[M] 
is correspondent with M. Whence, it is a feasible vertex-edge labeled subgraph of G” [N ] by 
definition. Therefore, GE[M]/F} ~<, G¥[N]. 

Now if there exists an injection Fj} on M, let TY ~, G? [A]. Denote by TI the graph 
GLIN]\T“, where G[N] \T¥ denotes the vertex-edge labeled subgraph induced by edges in 


G£[N]\T¥ with non-zero labels in G[N]. We construct a subset M* of N by 


mM=N\(C UY wyUC UO ann’) 


M’ev(T) (M’',M" )eE(L) 


and define M = Fi-lM *). Notice that any open subset of an n-manifold is also a manifold 
and F}~'(I') is connected by definition. It can be shown that M is a finitely combinatorial 
submanifold of N with G“[M]/F} ~T¥. 

An injection F} : M = & is monotonic if Ny # No if Fi(M1) CN, and Fi (M2) C Ne for 


VM, Mz € V(G[M]), M, 4 Mg. In this case, we get a criterion for combinatorial submanifolds 
of a finite combinatorial manifold. 


Corollary 2.1 For two finitely combinatorial manifolds M,N, M isa combinatorially mono- 
tonic submanifold of N if and only if GE[M] =~, G#[N]. 


Proof Notice that Fi = 1} in the monotonic case. Whence, G’[M]/F} = G*[M]/11 = 
G'|M]. Thereafter, by Theorem 2.4, we know that Misa combinatorially monotonic subman- 
ifold of N if and only if GE[M] =, G#[N]. 


§3. Fundamental Formulae 


Let (i, M ) be a smoothly combinatorial submanifold of a Riemannian manifold (N 0x D). For 
Vp € M, we can directly decompose the tangent vector space T, LN into 


TN =T)M @T+M 


on the Riemannian metric gx at the point p, i.e., choice the metric of Tp>M and T+ M to be 
g wie, a7 OF Gx le LAP? respectively. Then we get a tangent vector space 7;,,M and a orthogonal 


complement T1M of TpM in TN, ie., 


TiM = {v €TpN| (v, u) =0 for Vu € T,M}. 


We call TpM, T+ M the tangent space and normal space of (i, M) at the point pin (N, Os D), 
respectively. They both have the Riemannian structure, particularly, WM is a combinatorially 
Riemannian manifold under the induced metric g =i IN: 

Therefore, a vector v € T, N can be directly decomposed into 
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v=v! +t, 


where v! € T, 1M ET LM are the tangent component and the normal component of v at 
the point p in (N, Ort, D). All such vectors vt in TN are denoted by T+M, ice., 


Lay Lay 
TM = U T>M. 
peM 


Whence, for VX,Y € 2°(M), we know that 


DxY = DLY + DRY, 


called the Gauss formula on the combinatorially Riemannian submanifold (M, g), where piy = 
(DxY)" and DEY =(DxY)+ 


Theorem 3.1 Let (i, M) be a combinatorially Riemannian submanifold of (N, 9x, D) with an 
induced metric g = i*gx. Then for VX,Y, Z, DT: &(M) x &(M) > &(M) determined by 
D(Y,X) = Diy is a combinatorially Riemannian connection on (M,g) and D+ : %(M) x 
X(M) = T+(M) is a symmetrically coinvariant tensor field of order 2, i.e., 

(1) D&yyZ = DEZ + DpZ; 

(2) DL, Y =ADLY for VA € C™(M); 

(3) DEY = DEX. 


Proof By definition, there exists an inclusion mapping 7 : M — N such that (i, M J)isa 
combinatorially Riemannian submanifold of (N oe D) with a metric g = i*g io 
For VX,Y,Z € 2(M), we know that 


DxiyZ = DxZ+DyZ 
(DX Z + DkZ) + (DEZ + D$Z) 
by properties of the combinatorially Riemannian connection D: Thereby, we find that 


Dew haDEGE DIZ, Dy wy =D2e 2 Dye. 


Similarly, we also find that 


DEY +Z)=DLV4DLZ, De(¥ + 2)=DeY + DEZ. 


Now for VA € C®°(M), since 


DyxY =ADxY, Dx(AY) = X(A) + ADxyY, 


we find that 


DigV¥ =ADLY, DLOY) =X (Aj 4ADLY 


32 Linfan Mao 


and 


DAY) SaADeY. 
Thereafter, the mapping D' : 2(M) x #(M) > 2 (M) is a combinatorially connection on 
(M,g) and D+ : 2(M) x 2(M) > T+(M) have properties (1) and (2). 
By the torsion-free of the Riemannian connection D, Leé., 
DxY — Dy X =[X,Y]€ &(M) 


for VX, Y € %(M), we get that 


Diy — DEX = (DxY — Dy X)" =[X,Y] 


and 


DgY — D¢X = (DxY — Dy X)* =0, 


Le., DLY = Dex. Whence, D™ is also torsion-free on (M, g) and the property (3) on D+ 
holds. Applying the compatibility of D with oe in (N nines D), we finally get that 


NX 
io 
ne 

T 


(DzX,Y) a (x, DzY) 


(DzX, Y) 4 (x, DzY) 


which implies that D7 is also compatible with (M,g), namely D™ : 2(M) x 2(M) > 2(M) 
is a combinatorially Riemannian connection on (M, ). 

Now for VX € 2(M) and Y+ € T+M, we know that DxY+ € TN. Whence, we can 
directly decompose it into 


DxY+t = Diy+ + Dty+, 


called the Weingarten formula on the combinatorially Riemannian submanifold (M, g), where 
DUY+ =(DxY+)? and Dty+ = (DxY+)-+. 


Theorem 3.2 Let (i, M) be a combinatorially Riemannian submanifold of (N, 9x, D) with an 
induced metric g = TOR. Then the mapping D+: T+M x 2 (M) + T+M determined by 


Diy-+, X)= Dry is a combinatorially Riemannian connection on TLM. 


Proof By definition, we have known that there is an inclusion mapping 7:M — N such 
that (i, M) is a combinatorially Riemannian submanifold of (N,g es D) with a metric g = i*g es 
For VX,Y € &(M) and VZ+, Zi, Z} € T+M, we know that 


Dey = Deo 4 Dee. DG, 42, )=D,7 + Dee 


similar to the proof of Theorem 3.1. For VA € C°°(M), we know that 
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DyxZ+ =dDxZ+t, Dx(AZ+t) = X(A)Z++ADx Zt. 


Whence, we find that 


Diy Z+ = (ADxZ+)+ = (Dx Z+)+ = rADEZ+, 


DEOAZ*)\=XO\F* AD e7 =] XZ Ane. 


Therefore, the mapping D+ : T+M x 2°(M) > T+M is acombinatorially connection on T+ M. 
Applying the compatibility of D with g a at (N, Che D), we finally get that 


X(Z7 Zz) = (DxZ} ae ) TF (Zi Dx Z3 ) = (Dx Zi os ) r C2 Dy Ze), 


which implies that D+ : 2°(M) x 2 (M) — 2°(M) is a combinatorially Riemannian connection 
on TLM. 


Definition 3.1 Let (i, M) be a smoothly combinatorial submanifold of a Riemannian manifold 
(N, 9x, D). The two mappings Dp", D+ are called the induced Riemannian connection on M 


and the normal Riemannian connection on T+M, respectively. 


Theorem 3.3 Let (i,M) be a combinatorially Riemannian submanifold of (N, 9x, D) with an 
induced metric g = VOR. Then for any chosen Z+ € T1M, the mapping Dh, : X(M) = 
X(M) determined by Dei, (X) = D{Z+ for VX € X(M) is a tensor field of type (1,1). 
Besides, if 1s is treated as a smoothly linear transformation on M, then OE, : Tp>M > Tp>M 


at any point p € M isa self-conjugate transformation on g with the equality following hold 


(Dz. (X),¥) = (DEY), 2+), VXYETM. (*) 


Proof First, we establish the equality («). By applying equalities X or Y) = (Dx Vian Y)+ 
ee DxY) and (Z+,Y) =0 for VX,Y € 2(M) and VZ+ € T+M, we find that 


(DxZ+,Y) 


pa ae aes (2+, DxY) = (Dxy, z+) 


(Dia (X), Y) 


Thereafter, the equality (*) holds. 

Now according to Theorem 3.1, DLY posses tensor properties for X,Y € T,M . Combining 
this fact with the equality (*), De . (X) is a tensor field of type (1,1). Whence, py , determines 
a linear transformation Dh : TpM > TpM at any point p € M. Besides, we can also show 
that Dre (X) posses the tensor properties for VZ+ € TM. For example, for any \ € C%(M) 
we know that 
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(Dyzs(X),¥) = (DxY,AZ+) =A(Dxy, 2+) 


(Dy. (X),¥), VX,Y € 2(M) 


by applying the equality («) again. Therefore, we finally get that Dygs: (Xx) = AD zi (X). 

Combining the symmetry of DLY with the equality (*«) enables us to know that the 
linear transformation DI ee TpM > TpM at a point p € M is self-conjugate. In fact, for 
VX,Y € TM, we get that 


(Dyn (X),Y) (DRY, z+) = (DEX, z+) 


(Diu (Y),X) = (x, an (v)) 


Whence, DL . is self-conjugate. This completes the proof. 
Now we look for local forms for D™ and D+. Let (M,g,D") be a combinatorially Rie- 
mannian submanifold of (N es D). For Vp € M, let 


{eaB|l< A<dg(p),1<B<na and e€4,B=eazB, 


for 1< Aj, A, <dx(p) if 1< B< dx(p)} 


be an orthogonal frame with a dual 


{wA8|1< A<dx(p),1<B<na and w418 = W428, 


for 1< Aj, Ay <dx(p) if 1< B<dx(p)} 


at the point p in TN abbreviated to {eas} and w42. Choose indexes (AB), (CD),-::, 
(ab), (cd),--- and (af), (yd),--: satisfying 1< A,C <dg(p),1<B<na,1<D<ngq,:--, 
1<a,c <dglp), 1556 < mg,1 < d < ng,-+> and. a,y > dlp) +1 or 6,6 > ny +1 for 
1<i<d(p). For getting local forms of D™ and D+, we can even assume that {e4p}, {eav} 


and {eye} are the orthogonal frame of the point in the tangent vector space TN,T M and the 
normal vector space T+M by Theorems 3.1 —3.3. Then the Gauss’s and Weinggarten’s formula 
can be expressed by 


ry HT nL 
De, €cd = Dz, €cd + Dz, €ca; 


Ds Gap = DL eas + De eae: 

When p is varied in M, we know that w® = 7*(w%) and w® = 0,w%? = 0. Whence, {w%?} 
is the dual of {eap} at the point p € TM. Notice that dw® = w4 Aw, w%? + wed = 0 in 
Soe aes oe ‘ ae - 
(M,9,D"), do"? = wh? Awes, wee +wA8 = 0,02) + web, = 0, wee +ue =0in (N,9%,D) 


by the structural equations and 
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nH CD 
Deas = WABECD: 


We finally get that 


KH _ d aB a = d 76 
Deas = webecd + Wop Cap, Deas = woigeca + Weer: 


Since dw? = w% Awe? =, dwt? = wr Awih = 0, by the Cartan’s Lemma, i.e., for vectors 


U1, U2,°°* , Ur, W1,W2,°°* ,Wr with 
: ag 
y Us \Ws = 0. 
s=1 
if U1, V2,°°* ,Up are linearly independent, then 


2 
Ws = y astz, los<s, 
t=1 


where dst = ats, we know that 
ai _ pat cd iB _ 1 i cd 
Wab = Rab) (ca) >» Wan = Pay (ed)” 
. ai — pai iB _ pip 
with hab) (cd) = Aad) (cd) and hab) (cd) = Bab) (ed)* Thereafter, we get that 


nt B B 
De. ecd = wet Cas = hitb) (ed) C28» 


d 
De, Cap = waged ~~ ney (ea) a8 


Whence, we get local forms of D™ and D+ in the following. 


Theorem 3.4 Let (M,g,D") be a combinatorially Riemannian submanifold of (N, 9x, D). 
For Vp € M with locally orthogonal frames {ean}, {eav} and their dual {w4®}, {w%} in TN, 
TM 


d 


“8 —_.,,jed, pnt — Ao 
De. ecd = Waplcds Dz, €cd = hab) (ed) a8 


and 


nT = B HL _ 6 
DD tag = Ate) (ca) 08> Da,,€aB = WA gey5- 


§4. Fundamental Equations 


Applications of these Gauss’s and Weingarten’s formulae enable one to get fundamental equa- 
tions such as the Gauss’s, Codazzi’s and Ricci’s equations on curvature tensors for characterizing 


combinatorially Riemannian submanifolds. 
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Theorem 4.1(Gauss equation) Let (M,9,D") be a combinatorially Riemannian submanifold 
of (N, 9x, D) with the induced metric g = V 9x and R, Rx curvature tensors on M and N, 
respectively. Then for VX,Y,Z,W © X(M), 


R(X,Y, Z,W) = Rz,(X,Y,Z,W) + (DxzZ, Dew) us (Dez, Dyw) 


Proof By definition, we know that 


Re(X,Y)Z = DxDyZ — Dy DxZ— Dixy Z. 


Applying the Gauss formula, we find that 


Ra (X,Y)Z Dx(DLZ+DEZ)=Dy(DL 74 DEZ) 

—(Dix.y)Z + Dix y7) 

= DLDL2Z+ DED} 2+ DxDPZ — DYDEZ 
—~Dy Dx Z — Dy D¥Z — Diy Z - Dik yZ 


= ROOY)Z POLL =p7DLe) 
~(Dixy)Z — Dx DyZ + Dy DxZ). (4.1) 


By the Weingarten formula, 
DeD)o = DDI 4020-2, Dy, 2 =D) D_2 4+ DDL. 
Therefore, we get that 
(R(X, Y)Z, w) = (Ryx(X, Y)Z, w) vi (DxZ, Dew) se (Diz, Dw) 
by applying the equality (*) in Theorem 2.4, i.e., 


R(X, Y, Z,W) = By (X,Y, Z,W) + (DxZ, DyW) = (Diz, Dxw) 


For VX,Y,Z € 2(M), define the covarint differential Dx on DZ by 
(Dx D+)y Z = Dx (D}Z) — DE, ,,Z — Dy (DZ). 
x 
Then we get the Codazzi equation in the following. 
Theorem 4.2 (Codazzi equation) Let (M, g; DT) be a combinatorially Riemannian submanifold 
of (N, 9x, D) with the induced metric g = 9x and R, Rx curvature tensors on M and N, 
respectively. Then for VX,Y,Z «© 2(M), 


(Dx D+)yZ — (Dy D+)xZ = R+(X,Y)Z 


Proof Decompose the curvature tensor Rx(X ,Y)Z into 
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R(X, Y)Z = RL(X,Y)Z + RE(X,Y)Z. 


Notice that 


DLY =DLZ =(x, 71. 


By the formula (4.1), we know that 


FL 
RE(X,Y)Z 


Dy Z — Dy DXZ — Dix yj Z + DX D¥Z — Dy D¥Z 
= DxDyZ— Dy DXZ— Dory Z + DyDRZ — DRED) Z — DyryZ 


= (DxD+)yZ—-(DyD*)xZ. 


For VX,Y € 2(M), Z+ € T+(M), the curvature tensor R+ determined by D+ in TLM 
is defined by 


R(x VSS DL Do ~ Dep, 2 = Diy Z" 
Similarly, we get the next result. 


Theorem 4.3(Ricci equation) Let (M, g,D") be a combinatorially Riemannian submanifold 
of (N, 9x, D) with the induced metric g = «* IN and R, Rx curvature tensors on M and N, 
respectively. Then for VX,Y € 2(M M), Z+ ETM, 


R*(X,Y)Z+ = RE(X,Y)Z+ + (DxD+)yZ+ — (Dy D+) xZ+). 


Proof Similar to the proof of Theorem 4.1, we know that 


Ry(X,Y)Z+ DxDyZ+ — DyDxZ+ — DixyZ+ 
= RUX YZ +p, Dig =Dp,DLF 
4 DxDtZ" — Dy DEZ 
= (R1(X,Y)Z+ 4+ (DxD+)yZ+ — (DyD+)xZ+) 
LDLD 2 =DLDe2 


Whence, we get that 


R1(X,Y)Z+ = RE(X,Y)Z+ + (DxD+)y 2+ — (Dy D+) xZ+). 


Certainly, we can also find local forms for these Gauss’s, Codazzi’s and Ricci’s equations 
in a locally orthogonal frames {e4p}, {e€ay} of TN and TM ata point p € M. 


Theorem 44 Let (M, 9, Diy 7) be a combinatorially Riemannian submanifold of (N, 9x+D) 
with g =i* gx and for p€ M, let {eas}, {eas} be locally orthogonal frames of TN and TM at 
p with dual {w4?}, {w2}. Then 
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D _(P aB a ap a 
R(avy(ca)(ef)(gh) = (Ri) (ab)(ca)(ef)(gh) — dab epyhancon) ~ Pao) (gh) Med) (ef)) ( Gauss ), 


ap 


ap ap _(pP . 
Acaby(eay(ef) ~ ?(ab)(ef)(ed) = (Rix )(as)(ab)(cay(ef) ( Codazzt ) 


and 
al =e ap ' a8 5 a 
Riaaycys)(abyled) = (Ray) (eesytr8)(avy(ed) — > (Aa y rep) 2Coaycony — Pecan (epy easy ign) ( Riect ) 


with Re ey ysyab)(ea) — (Rea; €cd)€ap; ey) and 


a 


ap B ef p.aB aBpyo 
h (ef)(ca) ~ Yea Maby(ep) + 75 (ab) (ca): 


ef _ 71,06 _ ef 
(ab)(cdy(ef)% = F(ab) (ea) — Wad 


Proof Let Q and Q w be curvature forms in M and N. Then by the structural equations 
in (N,gx,D) ([10]), we know that 


es ~ oe 
(Qn)GR = dwER — wih AwEr = 5 (RN) aBycoyEer(ene Aur 


and R(eap,ecp)ear = 024 (ean, ecp)eau- Let i: M > N be an embedding mapping. 
Applying 7* action on the above equations, we find that 


(Qx,)4 duet — wt Awd — wo? A we, 


ocd a ap ef gh 
225 + > A CaaycesyMeay(gnyt Aw”. 
a, 


Whence, we get that 


= ~ 1 ; 
cd Ved: ap ap _ pa8 ap ef gh 
May = (ON as — 5 2 Marven Medan R(avy(gn)M(edy(ep YAW”: 


a, 


This is the Gauss’s equation 


dD _ (Pp. a aB ap ag 
R(ab)(ed)(ef)(gh) = (Ry) (ab)(ea)(ef)(gh) — y heey ep) Mea (on) - Aae)(gh)!®(edy(ef))* 
a8 


Similarly, we also know that 


(Ogee = dw? — wd Awe? — wh} Awef 


_— a pe8 cd) _ pap cd ef _ p76 ef a 
= A(Aiary (ca) — Medy (ep Mab WY — Play (ep Na 


ms 5, a8 a ef aB ef 6 cd 

= (dh 05)(ca) a hab) (ef) Wea ) _ Rep) (cd) ad a Alc) (ed) a8) Aw 

a ap ef cd 

= Par eaepe AY 
1 


~(po8 


_ p08 ef cd 
= 5 (Pay (cay(er) — Peavy (efy(ca lo AY 
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and 
O° } 6 e 6 Y 6 
(Qs )ag = du? wan Near Ob A Hey 
_ oF ap 76 ab cd 
= 8 +5 Da (ree (an enced) — Been iea eran lo N- 
These equalities enables us to get 
aps ap — (R~ 
hab) (ed) (ef) ~ Pap) (ef) (cd) = (Ry) (ap)(ab)(ed)(ef)> 
and 


pL _ (DP apes 76 
Riay sy ab)(od) = (Rix )(axB)(18)(ab)(ca) — > ACs ep) Moay(gny — Peay ery *Casy(gn))- 
ef 


These are just the Codazzi’s or Ricci’s equations. 


§5. Embedding in Combinatorially Euclidean Spaces 


For a given integer sequence k,,72,--- ,kj,l > 1 with 0 < ky < kg <--+ < kj, a combinatorially 
i 


Euclidean space R(ki, --» , ky) is a union of finitely Euclidean spaces (J) R* such that for Vp € 
w=1 


R(ki,--- ,ki), p € a R* with 7 = dim/( a R*‘) a constant. For a given combinatorial manifold 
i=l i=l 


M(m, N2,°** Mm), wether it can be realized in a combinatorially Euclidean space R(k1, +++ ki)? 
We consider this problem with twofold in this section, i.e., topological or isometry embedding 


of a combinatorial manifold in combinatorially Euclidean spaces. 


5.1. Topological embedding 


Given two topological spaces @, and ©, a topological embedding of @, in G2 is a one-to-one 


continuous map 


f: CG, — Gr. 


When f : M(ni, ng,°*+ ,Nm) > R(k1, --» ,k,) maps each manifold of M to an Euclidean space 
of R(ki, --+ ki), we say that M is in-embedded into R(k1, +++ ky). 

Whitney had proved once that any n-manifold can be topological embedded as a closed 
submanifold of R?°*+! with a sharply minimum dimension 2n + 1 in 1936"). Applying Whit- 
ney’s result enables us to find conditions of a finitely combinatorial manifold embedded into a 
combinatorially Euclidean space R(k,+-+ , kz). 

Firstly, We thereafter get a result for the case 1 = 1, which completely answers the problem 
4.1 raised in [7]. 


Theorem 5.1 Any finitely combinatorial manifold M(ni, no, +++ Mm) can be embedded into 
R2rmtl, 
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Proof According to Whitney’s result, each manifold M™,1 <i <m, in M(n1, N2,°** , Mm) 
can be topological embedded into an Euclidean space R” for any 7 > 2n; +1. By assump- 
tion, ny < ng <-++ < Mm. Whence, any manifold in M(ni,na,°-- ,Nm) can be embedded 
into R?"™*+!. Applying Theorem 2.2, we know that M(nj,ne2,--- ,Nm) can be embedded into 
R2rmtl 

For in-embedding a finitely combinatorial manifold M (n1,N2,°+* , Mm) into combinatorially 
Euclidean spaces R(ki, --+ ki), we get the next result. 

Theorem 5.2 Any finitely combinatorial manifold M(m, N2,°** ,Mm) can be in-embedded into 
a combinatorially Euclidean space R(k1, -+» ki) of there is an injection 


m:{ni,Ne,-*- Nm} > {ki, ke,-+- , ku} 


such that 


wo(nj) > max{2e+1| Ve € w 1(w(n;))} 


and 


dim(R7™) (Re?) > 2dim(M" (mu) 4-4 
for any integer i,j,1 <i,j <m with M™ OM" #0. 


Proof Notice that if 


a(n) > max{2e+1| Ve € w 1(w(n))} 


for any integer i,1 < i < m, then each manifold M‘,Ve € w~!(a/(n;)) can be embedded 
into R7(") and for Ver € w~'(ni), Ver € w (nj), M@ M M® can be in-embedded into 
R72") 9 R75) if MA Me ¢ & by Whitney’s result. In this case, a few manifolds in 


M(ni, n2,*** ,Nm) may be in-embedded into one Euclidean space R7("*) for any integer i, 1 < 
i < m. Therefore, by applying Theorem 2.3 we know that M(nj,1n2,--+,%m) can be in- 
embedded into a combinatorially Euclidean space R(k1,- +: , ki). 


If 1 = 1 in Theorem 5.2, then we obtain Theorem 5.1 once more since m(n;) is a constant 
in this case. But on a classical viewpoint, Theorem 5.1 is more accepted for it presents the 
appearances of a combinatorial manifold in a classical space. Certainly, we can also get concrete 


conclusions for practical usefulness by Theorem 5.2, such as the next result. 


Corollary 5.1 Any finitely combinatorial manifold M(ni, N2,°** Mm) can be in-embedded into 
a combinatorially Euclidean space R(k1, +++ ky) of 

(i) L>m; 

(ii) there exists m different integers ki,,ki,,-++ ,ki,, © (ki, ko,+-+ , ki} such that 


ki, > 2nj; +1 
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and 


dim(R*s () RK) > 2dim(M" ()M") +1 
for any integer i,j,1 <i,7 <m with M™7i OM" £90. 


Proof Choose an injection 


mT: {n1,N2,°++ ,Mm} > {ki, ke,- ++ , ki} 


by m(nj) = ki, for 1 < 7 < m. Then conditions (i) and (ii) implies that 7 is an injection 
satisfying conditions in Theorem 5.2. Whence, M(n1,n2,+--,mm) can be in-embedded into 


R(ki,--+ , ki). 


5.2. Isometry embedding 


For two given combinatorially Riemannian C’-manifolds (Mr 19; Dz) and (N Oss D), an isom- 
etry embedding 


i:MoN 
is an embedding with g = On. By those discussions in Sections 3 and 4, let the local charts 
of M, N be (U, [z]), (V, [y]) and the metrics in M, N to be respective 


In = S IRieryo. bY @dy"', g= ys Tur) («ry dae” @dz™, 
(sT),(9e) (uv) ,(KA) 


then an isometry embedding 7 form M to N need us to determine wether there are functions 


ye =e Se <a) Lees ns 


for Vp € M such that 


B _ oB pap a8 pap 
Riad)(ca)(ef)(gn) = (Ry) (ab)(cay(et)(on) — ACs) *(oay(ony — Peay (gn) *Ceay(ey)» 


ap 


aB a D 
Aab)(cd)(ef) i Fab) (ef)(cd) = (Ry) (ap)(ab)(ed)(ef)> 


fe _ (Dp. af 76 app 765 
F(evs)(-78)(ab)(ca) ad (2x) (a8)(78) (ab) (cd) ~ >i (Agey es) Moa) on) = Aicay(ef)*(ab)(gh) ) 


e,f 


with Rig) 98)(ab)(ed) = (Rea; €cd)€ap; es); 


op a ae ee sees 
Nasy(cay(ep)? = UP ar)(ca) ~ Mab Mef)(cd) ~ Yea (ady(ef) + 75 P(ab)(ed) 


and 
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Cot OisT OLY 
De IN ¢r)(2) (il2]) De Oa = I(pv) (KA) [x]. 
(st), (We) 


For embedding a combinatorial manifold into a combinatorially Euclidean space R(k1, +++ ki), 
the last equation can be replaced by 


Os" OiST ty] 
Dou ALE > F(uv) (wa) LY 
Oy” O KX 
fen Y y 
since a combinatorially Euclidean space R(ki, --+ ,k,) is equivalent to an Euclidean space RE 


ae U(p) a ~ 
with a constant k = I(p)+ >> (ki —lU(p)) for Vp € R* but not dependent on p (see [9] for details) 
i=1 


and the metric of an Euclidean space R¥ to be 


9% = >_ dy” @ dy”. 


Lv 


These combined with additional conditions enable us to find necessary and sufficient conditions 
for existing particular combinatorially Riemannian submanifolds. 

Similar to Theorems 5.1 and 5.2, we can also get sufficient conditions on isometry em- 
bedding by applying Lemma 2.1, i.e., the decomposition lemma on unit. Firstly, we need two 


important lemmas following. 


Lemma 5.1([2]) For any integer n > 1, a Riemannian C’-manifold of dimensional n with 
2<r<oo can be isometry embedded into the Euclidean space RM +10n+3 | 


Lemma 5.2 Let (M, 9, Dz) and (N, gx, D) be combinatorially Riemannian manifolds. If for 
YM ©€ V(G[M)}), there exists isometry embedding Fy : M — N, then M can be isometry 
embedded into N. 


Proof Similar to the proof of Theorems 2.2 and 2.3, we only need to prove that the mapping 
F: M = N defined by 


3(p) 
F(p) = - fu.F'u; 
i=1 
is an isometry embedding. In fact, for p € M we have already known that 


gn ((F',; )«(v), (Fu; )«(w)) = g(v, wv) 


for Vu, w € Tp)M and i,1 <i < 8(p). By definition we know that 


Combinatorially Riemannian Submanifolds 43 


8(p) 5(p) 
9n(Fi(v), Fe (w)) = GRD fas (Faes)(0), >| fis; (Fav, )(w)) 


8(p) 8(p) 


i=1 
3(p 3(p) 

= 910 fav, >> fu;w) 
i=l j=l 

= g(v,w). 


Therefore, F is an isometry embedding. 


Applying Lemmas 5.1 and 5.2, we get results on isometry embedding of a combinatorial 
manifolds into combinatorially Euclidean spaces following. 


Theorem 5.3. Any combinatorial Riemannian manifold M(ni, no, +++ Mm) can be isometry 
embedded into Rmt10rm+3, 


Proof According to Lemma 2.1, each manifold M™,1<i<m, in M(n, 2, ++ ,Mm) can 
be isometry embedded into an Euclidean space R” for any 7 > n? + 10n; +3. By assumption, 
ny < ng < +++ < Mm. Thereafter, each manifold in M(ni, no, +++ Mm) can be embedded 
into R%mt10rm+3_ Applying Lemma 5.2, we know that M(ni,n2,--- ,Mm) can be isometry 
embedded into RP m+10%m+3, 


Theorem 5.4 A combinatorially Riemannian manifold M(m1,no,-°° ,Nm) can be isometry 


embedded into a combinatorially Euclidean space R(k1, -++ ky) of there is an injection 


WwW: {n1,m2,°°° , Nm } =? {ky, ke, +++ ki} 


such that 


w(ni) > max{e? + 10€+ 3] Ve € w1(w/(ni))} 


and 


dim(R7") (\R7(")) > dim?(M™ ()M") + 10dim(M™ ()M") +3 
for any integer i,j,1 <i,7 <m with M™ AM" £0. 


Proof If 


co(nj) > max{e? + 10e+ 3] Ve € w+ (aw(n,))} 
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for any integer i,1 <i <m, then each manifold M‘,Ve € w~'(w(n;)) can be isometry embed- 


ded 


into R7) and for Ver € @!(ni), Veo € w+ (nj), M2 M M® can be isometry embedded 


into R27") NR7"s) if MMe ¢ O by Lemma 5.1. Notice that in this case, serval manifolds 


in M(n1, N2,°** ,Mm) may be isometry embedded into one Euclidean space R7"*) for any in- 
teger i, 1 <i<m. Now applying Lemma 5.2 we know that M(n1,n2,--- ,%m) can be isometry 
embedded into a combinatorially Euclidean space R(ki, +++ ky). 


Similar to the proof of Corollary 5.1, we can get a more clearly condition for isometry 


embedding of combinatorially Riemannian manifolds into combinatorially Euclidean spaces. 


Corollary 5.2. A combinatorially Riemannian manifold M(ni, no, “++ 41m) can be isometry 
embedded into a combinatorially Euclidean space R(ki, +++ ki) of 

(i) L>m; 

(ii) there exists m different integers ki,,ki,,-++ ,ki,, © (ki, ko,--++ , ki} such that 


and 


kj, > +10nj +3 


dim(R"i (-)R¥) > dim?(M™ () M"") + 10dim(M™ ()M"") +3 


for any integer i,j,1 <i,7 <m with M™7i OM" £90. 
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Abstract: In this paper we introduce the concept of half-groups. This is a totally new 
concept and demands considerable attention. R.H.Bruck [1] has defined a half groupoid. 
We have imposed a group structure on a half groupoid wherein we have an identity element 
and each element has a unique inverse. Further, we have defined a new structure called 
Smarandache half-group. We have derived some important properties of Smarandache half- 


groups. Some suitable examples are also given. 


Key Words: half-group, subhalf-group, Smarandache half-group, Smarandache subhalf- 
Group, Smarandache hyper subhalf-group. 


AMS(2000): 20Kxx, 20L05. 
§1. Introduction 


Definition 1.1 Let (S,*) be a half groupoid (a partially closed set with respect to * ) such that 
(1) There exists an element e € S such thataxe =exa=a,Va€ S. e is called identity 


element of S; 


(2) For every a € S' there exists b € S such thataxb=b*xa=e (identity) b is called the 


inverse of a. 


Then (S,*) is called a half-group. 
Remark It is easy to verify that 
(a) identity element in S is unique; 


(b) each element in S has a unique inverse; 


(c) associativity does not hold in S as there is at least one product that is not defined in S. 


Note In all composition tables in the following examples the blank entries show that the 
corresponding products are not defined. 


Example 1.1 Let S = {1,—i,i}. Then S is a half-group w.r.t. multiplication. We write this 
multiplication table in the following. 
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Here the product c * c is not defined. 


Definition 1.2 it Let (S,*) be a half-group and H a subset of S. If H itself is a half-group 
w.r.t. *, then A is called a subhalf-group of S. 


Example 1.3 Let S = {e,a,b,c,d} be a half-group defined by the following table. 


Then , H = {e,a,b} is a subhalf-group of S. 


Definition 1.3 A half-group (S,*) ts called a Smarandache half-group if S contains a proper 


subset G such that G is a nontrivial group w.r.t. *. 


Definition 1.4 Jf S is Smarandache half-group such that every group contained properly in S 


is commutative, then S is called Smarandache commutative half-group. 


Definition 1.5 Jf S is a Smarandache half-group such that every group contained properly in 
S is cyclic, then S is called a Smarandache cyclic half-group. 


Example 1.4 Let S be a half-group defined by the following table. 
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Then G = {e,a} is a nontrivial group contained in S. So, S is a Smarandache half-group. Also, 
{e,a,b} is a Smarandache half-group. S$ is also a Smarandache commutative half-group. Also 


S is a Smarandache cyclic half-group. 
Example 1.5 S$ = {1,—i,i} is not a Smarandache half-group. 


Example 1.6 Let L be the Half-Group given by the following table. 


Then L is a half-group which contains a group G = {e,g}. So, Z is a Smarandache Half-Group. 
There are many Smarandache half-groups in this structure. Results following are obtained 
immediately by definition 
(1) The smallest half-group is of order 3. 
This follows from the very definition of half-groups. 
(2) The smallest Smarandache half-group is of order 8. 


As a nontrivial group has order at least 2, the half-group which will contain this group 
properly will have order at least 3. 


§2. Substructures of Smarandache Half-Groups 
In this section we introduce Smarandache substructure. 


Definition 2.1 Let S be a half-group w.r.t. *. A nonempty subset T of S is said to be 
Smarandache subhalf-group of S if T contains a proper subset G such that G is a nontrivial 


group under the operation of S. 
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Theorem 2.1 If S is a half-group and T is a Smarandache subhalf-group of S then S is a 
Smarandache half-group. 


Proof As T is a Smarandache subhalf-group of S , S contains T properly. Also, T properly 


contains a non trivial group. As a result S is a hlf-group which properly contains a nontrivial 


group. Therefore S' is a Smarandache half-group. 


We also note facts following on Smarandache half-groups. 


(1)If R is a Smarandache half-group then every subhalf-group of R need not be a Smaran- 
dache subhalf-group. 


We give an example to justify our claim. 


Example 2.1 Consider a half-group S defined by the following table. 


Then S > H = {e, f,g,h} and H is a group. Therefore S is a Smarandache half-group. 
Consider a half-group R = {e, f,g}. Then R is not a Smarandache subhalf-group of S as there 
does not exist a non trivial group contained in R. 

We give a typical example of a half-group following whose subhalf-groups are Smarandache 
subhalf-group. 


Example 2.2 Consider the following table. 


One can easily verify that every subhalf-group is a Smarandache subhalf-group. 
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Definition 2.2 [f S is a Smarandache half-group such that a subhalf-group A of S contains the 
largest group in S then A is called a Smarandache hyper subhalf-group. 


In the example above, the largest non-trivial group in S is of order 2 and every Smarandache 
subhalf-Group of S contains the largest group in S. Thus, every Smarandache subhalf-Group 


in S is a Smarandache hyper subhalf-Group. 
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Abstract: The concept of Smarandache Bryant Schneider Group of a Smarandache loop 
is introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache 
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful in 
finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is useful 
in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant Schneider 
Group of a loop are shown to be true for the Smarandache Bryant Schneider Group of a 
Smarandache loop. Some interesting and useful cardinality formulas are also established for 


a type of finite Smarandache loop. 
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AMS(2000): 20NO5, 08A05. 
§1. Introduction 


The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002. In 
her book [16], she defined a Smarandache loop (S-loop) as a loop with at least a subloop 
which forms a subgroup under the binary operation of the loop. For more on loops and their 
properties, readers should check [14], [3], [5], [7], [6] and [16]. In her book, she introduced over 
75 Smarandache concepts in loops but the concept Smarandache Bryant Schneider Group which 
is to be studied here for the first time is not among. In her first paper [17], she introduced some 
types of Smarandache loops. The present author has contributed to the study of S-quasigroups 
and S-loops in [9], [10] and [11] while Muktibodh [13] did a study on the first. 

Robinson [15] introduced the idea of Bryant-Schneider group of a loop because its impor- 
tance and motivation stem from the work of Bryant and Schneider [4]. Since the advent of the 
Bryant-Schneider group, some studies by Adeniran [1], [2] and Chiboka [6] have been done on it 
relative to CC-loops, C-loops and extra loops after Robinson [15] studied the Bryant-Schneider 
group of a Bol loop. The judicious use of it was earlier predicted by Robinson [15]. As men- 
tioned in [Section 5, Robinson [15]], the Bryant-Schneider group of a loop is extremely useful 
in investigating isotopy-isomorphy condition(s) in loops. 


In this study, the concept of Smarandache Bryant Schneider Group of a Smarandache 
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loop is introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache 
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful in finding 
Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is useful in finding 
isotopy-isomorphy condition(s) in loops. Some properties of the Bryant Schneider Group of 
a loop are shown to be true for the Smarandache Bryant Schneider Group of a Smarandache 
loop. Some interesting and useful cardinality formulas are also established for a type of finite 
Smarandache loop. But first, we state some important definitions. 


§2. Definitions and Notations 


Definition 2.1 Let L be a non-empty set. Define a binary operation (-) on L : Ifa-y € L for 
Va,y €L, (L,-) is called a groupoid. If the system of equations ; a-x = b and y-a=b have 
unique solutions for x and y respectively, then (L,-) is called a quasigroup. Furthermore, if there 
exists a unique element e € L called the identity element such that forV x € L,xv-e=e-xr=@, 


(L,-) is called a loop. 


Furthermore, if there exist at least a non-empty subset M of L such that (M,-) is a 
non-trivial subgroup of (L,-), then L is called a Smarandache loop(S-loop) with Smarandache 
subgroup(S-subgroup) M. 

The set SY M(L,-) = SY M(L) of all bijections in a loop (Z,-) forms a group called the 
permutation(symmetric) group of the loop (Z,-). The triple (U,V,W) such that U,V,W € 
SY M(L,-) is called an autotopism of L if and only if cU-yV = (w«@-y)WV 2,y € L. The 
group of autotopisms(under componentwise multiplication [14]) of L is denoted by AUT(L,-). 
If U = V = W, then the group AUM(L,-) = AUM(L) formed by such U’s is called the 
automorphism group of (L,-). If Z is an S-loop with an arbitrary S-subgroup H, then the group 
SSY M(L,-) = SSY M(L) formed by all 6 € SY M(L) such that h0 € H V h © His called the 
Smarandache permutation(symmetric) group of L. Hence, the group SA(L,-) = SA(L) formed 
by all 0 € SSY M(L)N AUM(L) is called the Smarandache automorphism group of L. 

Let (G,-) be a loop. The bijection L, : G —> G defined as yl, = x-y,V r,y EG 
is called a left translation(multiplication) of G while the bijection R, : G —> G defined as 
yR, =y-2«,V x,y € G is called a right translation(multiplication) of G. 


Definition 2.2(Robinson [15]) Let (G,-) be a loop. A mapping 0 © SY M(G,.-) is a special 
map for G means that there exist f,g € G so that (0R,',0L;",9) € AUT(G,:). 


Definition 2.3. Let (G,-) be a Smarandache loop with S-subgroup (H,-). A mapping 6 € 
SSYM(G,-) is a Smarandache special map(S-special map) for G if and only if there exist 
f,9 € H such that (0R71,0L;",8) € AUT(G,.). 


Definition 2.4(Robinson [15]) Let the set 


BS(G,-) = {9 € SYM(G,:) : Jf,g€G@ > (9R;',OL;", 6) € AUT(G,-)} 


i.e the set of all special maps in a loop, then BS(G,-) < SY M(G,-) is called the Bryant- 
Schneider group of the loop (G,-). 
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Definition 2.5 Let the set 
SBS(G,-)={@¢€ SSYM(G,-) : there exist f,geH > (OR, *,0L;",@) € AUT(G,-)} 


i.e the set of all S-special maps in a S-loop, then SBS(G,-) is called the Smarandache Bryant- 
Schneider group(SBS group) of the S-loop (G,-) with S-subgroup H if SBS(G,-) < SY M(G,.:). 


Definition 2.6 The triple ¢ = (Rg, Ly, 1) is called an f,g-principal isotopism of a loop (G,-) 
onto a loop (G,o) if and only if 


e-y=aR,oyLs,V x,y €G or roy=2R,'-yL;",V x,y € G. 


f and g are called translation elements of G or at times written in the pair form (g, f), while 


(G,o) is called an f,g-principal isotope of (G,-). 


On the other hand, (G,®) is called a Smarandache f,g-principal isotope of (G,®) if for 

some f,g ES, 

eR, @yLp =(x Sy) VxuyeG 
where (S,@) is a S-subgroup of (G,®). In these cases, f and g are called Smarandache 
elements (S-elements). 

Let (L,-) and (G,0) be S-loops with S-subgroups L’ and G' respectively such that cA € 
G',V vx € L’, where A : (L,-) —> (G,0). Then the mapping A is called a Smarandache 
isomorphism if (L,-) = (G,o), hence we write (L,-) = (G,o). An S-loop (L,-) is called a 
G-Smarandache loop(GS-loop) if and only if (L,-) = (G,o) for all S-loop isotopes (G,o) of 
(L,-). 


Definition 2.7 Let (G,-) be a Smarandache loop with an S-subgroup H. 


Q(G,-) = {(OR;*, 6171.6) € AUT(G,:) for some f,geH : hO€CH,Vhe a. 


§3. Main Results 
3.1 Smarandache Bryant Schneider Group 


Theorem 3.1 Let (G,-) be a Smarandache loop. SBS(G,-) < BS(G,-). 


Proof Let (G,-) be an S-loop with S-subgroup H. Comparing Definitions 2.4 and 2.5, it 
can easily be observed that S'BS(G,-) C BS(G,-). The case SBS(G,-) C BS(G,-) is possible 
when G = H where H is the S-subgroup of G but this will be a contradiction since G is an 
S-loop. 


Identity. If J is the identity mapping on G, then hI = h € H, Vh © H and there exists 
e € H where e is the identity element in G such that (IRz',IL>1, I) = (1,1, I) € AUT(G,:). 
So, I € SBS(G,-). Thus SBS(G,-) is non-empty. 


Closure and Inverse. Let a, 3 € SBS(G,-). Then there exist fi, 91, f2,g2 € H such that 
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A= (aR,, ,aL;,’,0), B= (8R;, OL; , 8) € AUT(G,:). 


gi? 


AB l= Gh, als tee Ln 8”) 


= (aRy' Rg B-*, aL; Ls,8~*,a/8-*) ¢ AUT(G,-). 


Let 6 = GR;\Rg,G-* and y = BL;,'Ls,3-1. Then, 


(aB~*5, a8-'y, a8~*) € AUT(G, -) = (waB~"5) - (yoB"y) = (z+ y)oB-' V a,y EG. 


Putting y = e and replacing x by xGa~', we have (x6) - (eaB-!y) = x for all « € G. 
Similarly, putting x = e and replacing y by yBa—!, we have (ea 16) - (yy) = y for all y € G. 
Thence, 26 R(eag-1y) = and yyL(eag-15) = y Which implies that 


et ih 
8 = Reeag-1y) aNd 1 = Leap-15)° 


Thus, since g = eaZ-!y, f =eaG—'d € H then 


AB™ = (a@-1R71, aG-1L7', a6-1) € AUT(G,:) & a6! € SBS(G,:). 
g f 


Therefore, SBS(G,-) < BS(G,-). 


Corollary 3.1 Let (G,-) be a Smarandache loop. Then, SBS(G,-) < SSY M(G,-) < SY M(G,.:). 
Hence, SBS(G,-) is the Smarandache Bryant-Schneider group(SBS group) of the S-loop (G,-). 


Proof Although the fact that SBS(G,-) < SY M/(G,.-) follows from Theorem 3.1 and the 
fact in [Theorem 1, [15]] that BS(G,-) < SY M(G,-). Nevertheless, it can also be traced from 
the facts that SBS(G,-) < SSY M(G,-) and SSY M(G,-) < SY M(G,-:). 

It is easy to see that SSY M(G,-) C SY M(G,-) and that SBS(G,-) C SSY M(G,-) while 
the trivial cases SSY M(G,-) C SY M(G,-) and SBS(G,-) C SSY M(G,-) will contradict the 
fact that G is an S-loop because these two are possible if the S-subgroup H is G. Reasoning 
through the axioms of a group, it is easy to show that SSY M(G,-) < SY M(G,-). By using 
the same steps in Theorem 3.1, it will be seen that SBS(G,-) < SSY M(G,-). 


3.2. The SBS Group of a Smarandache f,g-principal isotope 


Theorem 3.2 Let (G,-) be a S-loop with a Smarandache f, g-principal isotope (G,o). Then, 
(G,o) is an S-loop. 


Proof Let (G,-) be an S-loop, then there exist an S-subgroup (H,-) of G. If (G,o) is a 
Smarandache f, g-principal isotope of (G,-), then 


x-y=xR,oyls,V x,y € G which implies x0 y =i. -yLerV x,yEeG 
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where f,g € H. So 
hy ohg =hy Ry: heL;',V hi,he € H for some f,g € H. 


Let us now consider the set H under the operation ”o”. That is the pair (H, 0). 


Groupoid. Since f,g € H, then by the definition hj 0 hg = ink," : hoL;", hy ohg € 
HY hi,hg € H since (H,-) is a groupoid. Thus, (H,o) is a groupoid. 


Quasigroup. With the definition hj ohg = hi R;* : hol; V hy, ho € H, it is clear that (H,°) 
is a quasigroup since (H,-) is a quasigroup. 


Loop. It can easily be seen that f -g is an identity element in (H,o). So, (H,0) is a loop. 


Group. Since (H,-) is a associative, it is easy to show that (H, 0) is associative. 


Hence, (H, 0) is an S-subgroup in (G, 0) since the latter is a loop(a quasigroup with identity 


element f +g). Therefore, (G,0) is an S-loop. 


Theorem 3.3 Let (G,-) be a Smarandache loop with an S-subgroup (H,-). A mapping 6 € 
SY M(G,-) is a S-special map if and only if 6 is an S-isomorphism of (G,-) onto some Smaran- 
dache f,g-principal isotopes (G,o) where f,g € H. 


Proof By Definition 2.3, a mapping 6 € S'SY M(G) is a S-special map implies there exist 
f,g € A such that (OR, OL=", 0) © AUT(G,-). It can be observed that 


(9R,',0L;",0) = (0,0,0)(R,',L5",1) € AUT(G,:). 
But since (Re ode x) : (G, o) — (G, -) then for (R51, 0L;", 8) E AUT(G, .) Search 


have (6,0,0) : (G,-) —> (G,o) which means (G,-) £ (G,0o), hence (G,-) ° (G,o) because 
(H,-)0 = (H,0). (Rg, Ly,I) : (G,-) —> (G,o) is an f,g-principal isotopism so (Go) is a 
Smarandache f, g-principal isotope of (G,-) by Theorem 3.2. 

Conversely, if @ is an S-isomorphism of (G,-) onto some Smarandache f, g-principal isotopes 
(G,o) where f,g € H such that (H,-) is a S-subgroup of (G,-) means (0,0,0) : (G,-) —> 
(G,°), (Rg, Ly,1) : (G,-) — (G,o) which implies (Rj1,L;",1) : (G,o) — (G,-) and 
(H,-)0 = (H,o). Thus, (@R7', OL;", 0) € AUT(G,-). Therefore, @ is a S-special map because 
f,g eA. 


Corollary 3.2 Let (G,-) be a Smarandache loop with an S-subgroup (H,-). A mapping 0 € 
SBS(G,-) if and only if @ is an S-isomorphism of (G,-) onto some Smarandache f, g-principal 
isotopes (G,o) such that f,g © H where (H,-) is an S-subgroup of (G,-). 


Proof This follows from Definition 2.5 and Theorem 3.3. 


Theorem 3.4 Let (G,-) and (G,o) be S-loops. (G,o) is a Smarandache f,g-principal isotope 
of (G,-) if and only if (G,-) is a Smarandache g, f-principal isotope of (G,°). 


Proof Let (G,-) and (G,o) be S-loops such that if (H,-) is an S-subgroup in (G,-), then 
(H,0) is an S-subgroup of (G,o). The left and right translation maps relative to an element « 
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in (G,o) shall be denoted by £, and R, respectively. 

If (G, 0) is a Smarandache f, g-principal isotope of (G,-) then, c-y=aR,oyL;,Vz,yeG 
for some f,g € H. Thus, tRy = tRgRyt, and yl, = yLlsler, %,y € G and we have 
Ry = RgRyr, and Le = LyLer,, ty € G. So, Ry = RyRy, -1 and Ly = Ly Lat = @,y€ 
G. Putting y = f and x = g respectively, we now get Ry = RP Reps = A” and Ly = 
Ly Lora = L;*. That is, Ry = Rz' and £L, = L;* for some f,g € H. 

Recall that 


x-y=2R,oyls,VryeG coy=2R,'-yL;",V x,y € G. 
So using the last two translation equations, 
roy=aXRy-yly,Vuz,yeG > the triple (Ry, £,,I) : (G,o) — (G,-) 


is a Smarandache g, f-principal isotopism. Therefore, (G,-) is a Smarandache g, f-principal 
isotope of (G,o). 
The converse is achieved by doing the reverse of the procedure described above. 


Theorem 3.5 If (G,-) is an S-loop with a Smarandache f,g-principal isotope (G,o), then 
SBS(G,-) = SBS(G, 0). 


Proof Let (G,o) be the Smarandache f, g-principal isotope of the S-loop (G,-) with S- 
subgroup (H,-). By Theorem 3.2, (G, 0) is an S-loop with S-subgroup (H,0). The left and right 
translation maps relative to an element x in (G,0) shall be denoted by £, and R, respectively. 

Let a € SBS(G,-), then there exist fi,g, € H so that (ah, s0Le 5 o) € AUT(G,.:). 
Recall that the triple (R,,, Ly,,I) : (G,-) —> (G,o) isa Smarandache f, g-principal isotopism, 
sor-y=xR,oyLy,V x,y € G and this implies 


Ry = RgRet, and Ly = LylLeR,,V x € G which also implies that 


Ret, = Rj'Ry and Lor, = L7'Le,V & € G which finally gives 
Re = RyRy and Ly = Ly'Lp1,V a eG. 
Set fo = foR,, Ry and gg = gol; Ly. Then 
Rg = Ry Ryan stn 4L5} — Ry Rygt os (1) 
=1 -1 
Ly, =L; LtaRZtR, Ry? =L; LrargiV t EG. (2) 
Since, (aRj',aL;",a) € AUT(G,:), then 


(xaR,,') . (yaL;") =(a-y)a,VayeG. (3) 
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Putting y = g and x = f separately in the last equation, 
ORG Rgenz) = = aR,a and yo," Liuganes = =yLyra,VxryeG. 
Thus by applying (1) and (2), we now have 


oR, = Hak, = RoR,” R,* and aL,” = Leal 


-1l;-1 
ale = = Lyaly, L; : (4) 


(fake) 
We shall now compute (# o y)a@ by (2) and (3) and then see the outcome. 
(xoy)a = (ee, ae aa. baa "Ole Sah RoR Re yhs Lael, Le 
wok, Hs I yal y, Le = vaR,, fe) ya Va@yeG. 
Thus, 


royja=2aR_! oyal;',V 2,ye€ Gs (aR,,al;',a) € AUT(G,c) 6 a € SBS(G,0°). 
g2 fo g2 fo 


Whence, SBS(G,-) C SBS(G, 0°). 
Since (Go) is the Smarandache f, g-principal isotope of the S-loop (G,-), then by Theorem 
3.4, (G,-) is the Smarandache g, f-principal isotope of (G,o). So following the steps above, it can 
similarly be shown that SBS(G,o) C SBS(G,-). Therefore, the conclusion that SBS(G,-) = 
SBS(G, 0) follows. 


3.3 Cardinality Formulas 


Theorem 3.6 Let (G,-) be a finite Smarandache loop with n distinct S-subgroups. If the SBS 
group of (G,-) relative to an S-subgroup (H;,-) is denoted by SBS;(G,-), then 


IBS(G,.)| = — > |SBS\(G,,)| [BSG,-) : SBS(G, )]. 


i=l 


Proof Let the n distinct S-subgroups of G be denoted by H;, 7 = 1,2,---n. Note here 
that H; A H;,i,j =1,2,---n. By Theorem 3.1, SBS;(G,-) < BS(G,-),i = 1,2,---n. Hence, 
by the Lagrange’s theorem of classical group theory, 


|BS(G,-)| = |SBS;(G,-)| [BS(G,-) : SBS;(G,-)],7 = 1,2,---n 


Thus, adding the equation above for all i = 1,2,---n, we get 


n|BS(G,-)| = Yo |sBsiG | [BS(G,-) : SBS;,(G,-)],i =1,2,---n, thence, 


|BS(G => |SBS;(G,-)| [BS(G,-) : SBS;,(G,-)]. 


Theorem 3.7 Let (G,-) be a Smarandache loop. Then, Q(G,-) < AUT(G,.-). 


Proof Let (G,-) be an S-loop with S-subgroup H. By Definition 2.7, it can easily be 
observed that Q(G,-) C AUT(G,.:). 
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Identity. If J is the identity mapping on G, then hI = h € H,V h ©€ H and there exists e € H 
where e is the identity element in G such that ([Ro',ILz1,1) = (1,1,1) € AUT(G,-). So, 
(1,1, 2) € Q(G,-). Thus Q(G,-) is non-empty. 


Closure and Inverse. Let A,B € 9(G,-). Then there exist a, 3 € SSYM(G,-) and some 
fi, 91; fe, g2 € H such that 


A= (aR;',aL;,,a), B= (GR; bL;,,B) € AUT(G,-). 


AB™ = (aR,,,o ’ L;, ’ eC iee cma Oro mare | 


= (aR; Ry, 8 *, aL; L7,8-', af") € AUT(G,:). 


Using the same techniques for the proof of closure and inverse in Theorem 3.1 here and by 
letting 6 = GR5,'Ry,G-' and y = BL;"L 5,37", it can be shown that, 


AB™ = (aB-'Rz!,a8-1L7',a8—') € AUT(G,-) where g = eaG-'y, f =eaB-'6 CH 
9g f 


such that a@~' € SSY M(G,-) 6 AB~' €Q(G,:). 


Therefore, Q(G,-) < AUT(G,-:). 


Theorem 3.8 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g © H and 
aé€ SBS(G,-). If the mapping 


® : Q(G,-) — SBS(G,-) is defined as ® : (aR;* L; hajra, 
then ® is an homomorphism. 


Proof Let A, B € Q(G,-). Then there exist a, 3 € SSY M(G,-) and some fi, 91, fo, go © H 
such that 


Me Ge 71.0), B= (GRz, 87,8) € AUT(G,.). 


(AB) = ®[(aR;,', a ’ Ly, ’ a) (BR;," , AL;,. ,8)] = b(aR none. aL; BL5, 0 } ap). It will be 
good if this can be written as; ®(AB) = ®(a0,aGy,a3) such that haG ¢ HV h € AH and 
6=Rh;*,7= L;* for some g, f € H. 

This is done as follows. If 


aR, ' GR, ,aL;'BL;,, a8) = (aB6, aBy,a3) € AUT(G,-), then, 
91 g2 fi fe 


ras - yoy = («- y)aB,V x,y €G. 
Put y =e and replace x by 23~!a~! then x6 -eaBy =x 6 6 = ae 
Similarly, put x = e and replace y by yB~'a~!. Then, eaBd- yy =ySy= Lie: So, 


®(AB) = (OBRegey: “Laas: 08) = ~~ as = ®(aR;",a ? ,a)® (BR,, , BL5," A= O(A )®(B). 
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Therefore, ® is an homomorphism. 


Theorem 3.9 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g © H and 
aé SSYM(G,-). If the mapping 


® : Q(G,-) —+ SBS(G,-) is defined as ©® : (ak;* Le hajha 


then, 


A= (aR;',aL;',a) € ker ® if and only if a 


fo? 
is the identity map on G, g- f is the identity element of (G,-) and g € N,(G,-) the middle 


nucleus of (G,-). 


Proof For the necessity, ker® = {A € iat -): ®(A) = T}. So, if A= (aR 
ker 6, then ®(A) =a =I. Thus, A= (R7! Ly, 1D ¢€ AUT(G,) <6 


gi fi 


ay Og, oe) E 


e-y=aR,'-yL5",V 2,y¢G. (5) 
Replace z by xR, and y by yLy in (5) to get 
uy=a2g-fy,VuryeG. (6) 
Putting « = y =e in (6), we get g- f =e. Replace y by yL5* in (6) to get 
a-yLs)=2g-y,V¥ 2,y eG. (7) 
Put x =e in (7), then we have yL5* =g-y,V y © G and so (7) now becomes 
g-(gy)=ag-y,Vrz,yEeGogeEN,(G,:). 


For the sufficiency, let a be the identity map on G, g- f the identity element of (G,-) and 
g € N,(G,-). Thus, fg-f = f-gf = fe =f. Thus, f-g =e. Thenalso, y= fg-y=f-gyVyEeG 
which results into yL;* = gy y € G. Thus, it can be seen that raRj!-yal;' =aRj!-yL;* = 
tRyla-yLs*a = eh, yl,” = tRe*-gy = a eh,’ ‘g)y =2R, Ray =ax-y = (x-y)a, Us yeG. 
Thus, 6(A) = O(aR;', aL;*,a) = O(Ro1, Ly 4 ‘ie A € ker ®. 


Theorem 3.10 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g © H and 
aé SSY M(G,-). If the mapping 


® : O(G,-) — SBS(G,-) is defined as ® : (aR;* Ly hajha 


then, 
INu(G, +)| = | ker ®| and |Q(G,-)| = |SBS(G,-)||Ny(G, -)I- 


Proof Let the identity map on G be J. Using Theorem 3.9, if 
g9 = (R5*, L74,,1),V 9 € N,(G,-) then, 6 : Nu(G,-) — ker®. 


6 is easily seen to be a bijection, hence |N,,(G,-)| = | ker ®]. 
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Since ® is an homomorphism by Theorem 3.8, then by the first isomorphism theorem 
in classical group theory, Q(G,-)/ker® =~ Im®. @ is clearly onto, so Im® = SBS(G,-), 
so that Q(G,-)/ker® = SBS(G,-). Thus, |Q(G,-)/ker®| = |SBS(G,-)|. By Lagrange’s 
theorem, |Q(G,-)| = | ker ®||OQ(G,-)/ ker ®|, so, |[Q(G,-)| = | ker ®||SBS(G,-)|, 0. |Q(G,-)| = 
INu(G, -)||SBS(G, -)|. 


Theorem 3.11 Let (G,-) be a Smarandache loop with an S-subgroup H. If 


O(G,-) = {(f,g)€ Hx H : (G0) © 0G.) 


~N 


for (G,o) the Smarandache principal f,g — isotope of (G,-)}, 


then 
|Q(G, -)| = |O(G, -)||S-A(G, -)]- 


Proof Let A, B € Q(G,-). Then there exist a, 8 € SSY M(G,-) andsome fi, 91, fo, g2 © H 
such that 
A= (aR; ,aL;",a), B= (GR;,', GL; , 8) € AUT(G,:). 


gi? 


Define a relation ~ on ((G,-) such that 
An B<s> f= fo and gi = go. 


It is very easy to show that ~ is an equivalence relation on 2(G,-). It can easily be seen 

that the equivalence class [A] of A € Q(G,-) is the inverse image of the mapping 
YW : AG,-) — O(G,-) defined as U : (aRz*,aL;*,a) > (f,9). 

If A, B € Q(G,-) then U(A) = U(B) if and only if (fi, 91) = (fe, g2) so, fi = fo and gi = ga. 
Since 2(G,-) < AUT(G,-) by Theorem 3.7, then AB~! = (aRj1,aL;",a)(BR;,', GL;, ,8)* 
= (aR5) Ry, 8-', aL; L7,8-', o8-') = (o8-', a8", a8-") € AUT(G,-) & a8 € SA(G,-). 
So, 


A~B <= af! € SA(G,:) and (f1, 91) = (fa, 92). 


Whence, |[A]| = |S.A(G,-)|. But each A = (aRz',aL;*, a) € (Q(G,-) is determined by some 
f.g © H. So since the set {[A] : A € Q(G,-)} of all equivalence classes partitions Q(G,-) by 


the fundamental theorem of equivalence relation, 


IAG, = SO IAll= So ISAG,»)| =10(G, JIISA(G, L- 


f.geH f.geH 


Therefore, |Q(G, -)| = |O(G, -)||S-A(G, -)]. 


Theorem 3.12 Let (G,-) be a finite Smarandache loop with a finite S-subgroup H. (G,-) is 
S-isomorphic to all its S-loop S-isotopes if and only if 


|(H, -)P|SA(G, -)| = |SBS(G, -)IINu(G,-)]. 
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Proof As shown in [Corollary 5.2, [12]], an S-loop is S-isomorphic to all its S-loop S-isotopes 
if and only if it is S-isomorphic to all its Smarandache f,g principal isotopes. This will happen 
if and only if H x H = O(G,-) where O(G,-) is as defined in Theorem 3.11. 

Since O(G,-) C H x H then it is easy to see that for a finite Smarandache loop with a 
finite S-subgroup H, H x H = O(G,,-) if and only if |H|? = |O(G,-)|. So the proof is complete 
by Theorems 3.10 — 3.11. 


Corollary 3.3 Let (G,-) be a finite Smarandache loop with a finite S-subgroup H. (G,-) is a 
GS-loop if and only if 


|(H, -)P|SA(G, -)| = |SBS(G,-)||Nu(G,-)]. 


Proof This follows by the definition of a GS-loop and Theorem 3.12. 


Lemma 3.1 Let (G,-) be a finite GS-loop with a finite S-subgroup H and a middle nucleus 
NG, J 
_ |SBS(G,+)| 


FE) = WWalG, | IGE = eae - 


Proof From Corollary 3.3, 


\(H, )PISA(G,-)| = |SBS(G, )ILNA(G, 
(1)If |(#,-)| = [N,(G,-)|, then 


_ |SBS(G,-)| 


(A, )IISA(G, -)| = |SBS(G, -)| = |(H,-)| = SAG, | © 


(2)If |(H,-)| = FRAC O then |(H,-)||SA(G,-)| = |SBS(G,-)|. Hence, multiplying both 
sides by |(H,-)|, 
(H, -)P|SA(G, -)| = |SBS(G, )||(Z,-)I- 


So that 
|SBS(G, -)||Nu(G, -)| = |SBS(G, -)||CA, -)| => |, -)| = |NLAG, -)]- 


Corollary 3.4 Let (G,-) be a finite GS-loop with a finite S-subgroup H. If |N,(G,-)| 2 1, 

then, 

_ |SBS(G,-)| 
|SA(G, -)| 


n|SBS(G, -)| 


peed SAG 


. Hence, \(G,-)| = 


for some n 2 1. 


Proof By hypothesis, {e} #4 H # G. Ina loop, N,,(G, -) is a subgroup, hence if |V,,(G, -)| 2 


1, then, we can take (H,-) = N,(G,-). So that |(H,-)]| = |N,(G,-)|. Thus by Lemma 3.1, 


— |SBS(G,-)| 
(As) = sarees: 
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As shown in [Section 1.3, [8]], a loop LZ obeys the Lagrange’s theorem relative to a subloop 


Hf if and only if H(hx) = Hua for all x € LE and for all h € H. This condition is obeyed by 
N,A(G,-), hence 


|SBS(G,-)| 
(HMC eared MGS 
there exists n € N such that 
n|SBS(G, -)| 
Gl = 
|SA(G, -)| 


But if n = 1, then |(G,-)| = |(H,-)| = > (G,-) = (4,-) hence (G,-) is a group which is a 


contradiction to the fact that (G,-) is an S-loop. Therefore, 


for some natural numbers n 2 1. 


n|SBS(G, -)| 


(G,+)| = SAG.) 


References 


1 


J. O. Adeniran (2002), The study of properties of certain class of loops via their Bryant- 
Schneider group, Ph.D thesis, University of Agriculture, Abeokuta. 

J. O. Adeniran (2002), More on the Bryant-Schneider group of a conjugacy closed loop. 
Proc. Jangjeon Math. Soc. 5, no. 1, 35-46. 

R. H. Bruck (1966), A survey of binary systems, Springer-Verlag, Berlin-Gottingen-Heidelberg, 
185pp. 

B. F. Bryant and H. Schneider (1966), Principal loop-isotopes of quasigroups, Canad. J. 
Math. 18, 120-125. 

O. Chein, H. O. Pflugfelder and J. D. H. Smith (1990), Quasigroups and loops : Theory 
and applications, Heldermann Verlag, 568pp. 

V. O. Chiboka (1996), The Bryant-Schneider group of an extra loop, Collection of Scientific 
papers of the Faculty of Science, Kragujevac, 18, 9-20. 

J. Déne and A. D. Keedwell (1974), Latin squares and their applications, the English 
University press Lts, 549pp. 

E. G. Goodaire, E. Jespers and C. P. Milies (1996), Alternative loop rings, NHMS(184), 
Elsevier, 387pp. 

T. G. Jafyéola (2006), An holomorphic study of the Smarandache concept in loops, Scientia 
Magna Journal, Vol.2, No.1, 1-8. 

T. G. Jafyéolé (2006), Parastrophic invariance of Smarandache quasigroups, Scientia Magna 
Journal, Vol.2, No.3, 48-53. 

T. G. Jafyéolé (2006), On the universality of some Smarandache loops of Bol-Moufang 
type, Scientia Magna Journal, Vol.2, No.4, 45-48. 

T. G. Jafyéold (2008), Smarandache isotopy theory of Smarandache: quasigroups and loops, 
Proceedings of the 4'* International Conference on Number Theory and Smarandache 
Problems, Scientia Magna Journal. Vol.4, No.1, 168-177. 


13 


14 


15 


16 


17 


On Smarandache Bryant Schneider Group of a Smarandache Loop 63 


A. S. Muktibodh (2006), Smarandache quasigroups, Scientia Magna Journal, Vol.2, No.1, 
13-19. 

H. O. Pflugfelder (1990), Quasigroups and loops : Introduction, Sigma series in Pure Math. 
7, Heldermann Verlag, Berlin, 147pp. 

D. A. Robinson (1980), The Bryant-Schneider group of a loop, Extract Des Ann. De la 
Sociiét € Sci. De Brucellaes, Tome 94, II-II, 69-81. 

W. B. Vasantha Kandasamy (2002), Smarandache loops, Department of Mathematics, 
Indian Institute of Technology, Madras, India, 128pp. 

W. B. Vasantha Kandasamy (2002), Smarandache Loops, Smarandache notions journal, 
13, 252-258. 


International J.Math. Combin. Vol.2 (2008), 64-69 


Some Properties of Nilpotent Lattice Matrices 


Qiyi Fan 


(Department of Mathematics of Hunan University of Arts and Science, Changde 415000, P.R.China.) 


E-mail: zjl.man06@yahoo.com.cn 


Abstract: In this paper, the nilpotent matrices over distributive lattices are discussed by 
applying the combinatorial speculation ([9]). Some necessary and sufficient conditions for a 
lattice matrix A to be a nilpotent matrix are given. Also, a necessary and sufficient condition 


for an n x n nilpotent matrix with an arbitrary nilpotent index is obtained. 
Key Words: distributive lattice, nilpotent matrix; nilpotent index; direct path. 


AMS (2000): 
§1. Introduction 


Since the concept of nilpotent lattice matrix was introduced by Give’on in [2], a number of 
researchers have studied the topic of nilpotent lattice matrices(see e.g. [2-8]). In [7], Li gave 
some sufficient and necessary conditions for a fuzzy matrix to be nilpotent and proved that an 
nxn fuzzy matrix A is nilpotent if and only if the elements on the main diagonal of the kth power 
A¥ of A are 0 for each k in {1,2,--- ,n}. Ren et al.(see [8]) obtained some characterizations of 
nilpotent fuzzy matrices, and revealed that a fuzzy matrix A is nilpotent if and only if every 
principal minor of A is 0. This result was generalized to the class of distributive lattices by 
Tan(see [3,5]) and Zhang(see [4]). In particular, Tan gave a necessary and sufficient condition 
for an n x n nilpotent matrix to have the nilpotent index n in [3]. 

In this paper, we discuss the topic of nilpotent lattices matrices. In Section 3, we will 
give some characterizations of the nilpotent lattice matrices by applying the combinatorial 
speculation ({9]). In Section 4, a necessary and sufficient condition for an n x n nilpotent 
matrix with an arbitrary nilpotent index will be obtained, this result provide an answer to the 


open problem posed by Tan in [3]. 


§2. Definitions and Lemmas 


For convenience, we shall use N to denote the set {1,2,---,n} and use || to denote the 
cardinality of a set S. 

Let (LZ, <, V, A) be a distributive lattice with a bottom element 0 and a top element 1 
and M,,(L) be the set of all n x n matrices over L. 

For A € M,,(L), the powers of A are defined as follows: A° = I,, A” = A"-1A,r = 1,2,---. 
The (7, j)-entry of A” is denoted by af;. 
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A is called the zero matrix if for all i, 7 € N,aj;; = 0 and denoted by 0. Let A € M,,(L). If 
there exists k > 1, A* = 0, then A is called a nilpotent matrix. The least integer k satisfying 
A* = 0 is called the nilpotent index of A and denoted by h(A). 

For A € M,,(L), the permanent perA of A is defined as follows: 


perA = VV @109(1)%20(2) ae Ano(n)> 
o€Pn 


where P,, denotes the symmetric group of the set N. 


For a matrix A € M,,(L), we denote by A[t1,i2,--+ ,%r|J1,J2,°++ , Jr] the r x r submatrix 
of A whose (u,v)-entry is equal to a;,;,(u,v € R). The matrix A[t1,i2,--- ,ip|i1,%2,--- tr] 
is called a principal submatrix of order r of A, and perAliy,i2,--- ,i,|i1,72,--+ ,%,] is called a 


principal minor of order r of A. 

For a given matrix A € M,(L), the associated graph G(A) : G(A) = (V,H) of A is the 
strongly complete directed weighted graph with the node set V = N, the arc set H = {(i,7) € 
N x Nlaij 0}. 

For a given matrix A € M,,(L), a sequence of nodes p = (io,%1,:--,%,) of the graph 
G(A) = (V, H) is called a path if (i,-1,7,) € H for all k = 1,2,--- ,r —1. These arcs, together 
with the nodes i, for k = 0,1,--- ,r, are said to be on the path p. The length of a path, denoted 
by l(p), is the number of arcs on it, in the former case, I(p) = r. If all nodes on a path p are 
pairwise distinct, then p is called a chain. A path p = (to, i1,-++ ,¢-1,%0) with io, 71,-++ ,¢p-1 
are pairwise distinct is called a cycle. For a given matrix A € M,,(L), we define: 


C(A) = {p|p is a cycle of G(A)}. 
And for any r < n, we define: 
S,(A) = {p|p is a chain of G(A) and I(p) =r}. 


For any path p = (to, %1,--- ,7,) of G(A), the weight of p with respect to A, will be denoted by 
Wa(p), is defined as 


Wa(p) = Gigi, A Qiyig A+++ A Qin yin = Gini, Gizig *** Qin _yip- 
The following lemmas are used. 
Lemma 2.1([2]) Let A € M,(L). Then A is nilpotent if and only if A” = 0. 
Lemma 2.2([4]) Let A = (aij) € M,(L), A” = (az?). Then 


m _ 7 bk ah ss : 
aig = VV Qiiy Qiyig * °° Qim_1j- 
1Si1 ,i2,-7° tm-1S0n 


Lemma 2.3((4],[5]) Let A€ M,(L). Then A is a nilpotent matrix if and only if 


perAliz,i2,--- ,ixliz,i2,--- , 4%] =0, 
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for all {t1,i2,+-+ ,ixn} CN, KEN. 
Lemma 2.4([4]) Let A be a nilpotent matrix over L. Then 


AryreOrgrg*** Arm —itmrmri = 9, 


for all {11,172,+++ ,Tm} CN. 


§3. Characterizations of the Nilpotent Lattice Matrices 


In this section, we will give some new necessary and sufficient conditions for a lattice matrix to 


be a nilpotent matrix. 


Theorem 3.1 Let Ac M,,(L). Then A is a nilpotent matrix if and only if for all p € C(A), 
Wa(p) = 0. 


Proof (= >) By Lemma 2.4, if A is a nilpotent matrix, then for all p = (io, %1,-++ ,¢p—1, to) 
€ C(A), Wa(D) = Gigi, Gizig ++ * Gi,_yig = O.- 

(<=) If for all p € C(A), Wa(p) = 0, we prove A” = 0. By Lemma 2.2, for any typ- 
ical term @jj,Qi,i9 °** Gi,_,7 OF ai there must be repetitions amongst the n + 1 suffixes i = 
to, 41,°*+ ,¢n-1,j =%n. Suppose that i,(1 < s < n) is the first one which i, € {io, i1,--+ ,is—1}, 
then there exists i,(0 <t <s—1), such that 2; = is, so, (¢:,7i#41,-++ ,is) € C(A). Hence 


Qi Mizig ** * Min 15 < Qivitgi °° *° Vis_iis = 0, 


and 


n - 
ay; = VV Qity Viyig *** Vin_yj = 0, Vi,g EN. 
1<%1,%2,°++ ,In-isn 


That is to say, A” = 0. By Lemma 2.1, A is nilpotent. 


Example 3.1 Consider the lattice L whose diagram is displayed in Fig.1. 


1 


Fig.1 
Obviously, L is a distributive lattice. Now let 
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then C(A) = {(1, 2,1), (2,1,2)}, and for any element p of C(A), Wa(p) = aAc=0, hence A is 
a nilpotent matrix. In fact, A? = 0. 


Theorem 3.2 Let A € M,(L). Then A is a nilpotent matrix if and only if all principal 


submatrices of A are nilpotent. 


Proof. (<=) Since matrix A is a principal submatrix of matrix A, A is a nilpotent matrix. 
(=>) Let B = (b);) = Alii, t2,--+ , %¢/é1, t2,-+- , %] is an arbitrary principal submatrix of A 
and let MN= (ko, ky, ahd s Reais ko) E C(B). Then 


W_(P1) = Okoks Dkr ke *** Ok pro = Ving ty Ving ing *** Pin, 4 tho 
Obviously, path p = (ix,,%k,5°°* ;%k»1;%k)) is a cycle of G(A), so, by Theorem 3.1, we have 


Wa(p) = Qing in, Vining “** Vin, tka = 0. 


Hence 
Wa(pi) = Wa(p) = 0. 
Applying Theorem 3.1, Alii, %2,--- ,t¢|i1,72,--+ , di] is a nilpotent matrix. This completes 
the proof. 
Let 
A, B 
0 A. | 


where A; be am X m matrix and Ag be an X n matrix over distributive lattice L. Then for 
any p € C(A), p € C(A1) or p € C(Azg). Hence we have the following corollary. 


Corollary 3.1 Let 


A, B 
A= : 
0 As 


where A, be amxm matrix and Ag bean xn matrix over distributive lattice L. Then A is a 


nilpotent matrix if and only if Ay and Ag are nilpotent matrices. 


Corollary 3.2 Let L be a distributive lattice, 


A, * * 
@ Ap oe: # 

A= ; : € M,,(L), 
0 GO a2 Ay 


where A; € My) (L),t = 1,2,--- ,k, andn = n(1) + n(2)+---+n(k). Then A is a nilpotent 


matrix if and only if Ay, A2,--: , Ax are all nilpotent matrices. 
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§4. A Characterization of Lattice Matrices with an Arbitrary Nilpotent Index 


If A is a zero matrix, then h(A) = 1; if A is a nonzero nilpotent matrix, then h(A) > 2. In the 
following discussion, we always suppose that A is a nonzero matrix. 
If p = (io, 41, a8 slp) E S;-—1(A) and Wa(p) x 0, then Digit Vizig *** Mip_eip_1 = Wa(p) is 


aterm of aj;" ,, so, A"-! £0. Hence, we have 


Lemma 4.1 Let A € M,(L) be a nilpotent matric. If there exists p € S,_1(A), such that 
Wa(p) 40, then h(A) > r. 


Example 3.1(continued). Since p = (3,2,1) € S2(A) and Wa(p) = 1Ac=c ¥ 0, we have 
h(A) > 3, ie., A(A) = 3. 


Lemma 4.2 Let A € M,,(L) be a nilpotent matrix. If S,(A) = 0 or for every p € S,(A), Wa(p) = 
0, then h(A) <r. 


Proof Suppose that aji,@i,i, ** + @i,_1j is a typical term of aj,. If |{i,i1,--+ ,dr-1, 9}| < r+1, 
let i,(1 < s < r,t = to, 7 =i,) be the first one which i, € {i,i1,--- ,is-1}, then there exists 
i4(0 <t <s—1), such that i, = %, so, (%¢,i#41,--: , is) € C(A), therefore, we have 


Qiiy Qiyig *** Qin yj S Gigigy 11° Mig_yi, = 0. 
If |{i,41,-++ ,ép_1,9}| =r +1, then (4, %1,-+- ,4,1,9) € S,(A), so 
Walp) = Gu, 04,4, °°" 04,_,7 = 0. 
Thus, for any 7,7 € N and in any cases, we can obtain: 
Qi, Qizin *** Qi,_4j = 0. 
Therefore 


ra © ok 
a,, = VV Git; Gizig °° Gig = 0, Vig EN. 


1<41 ,t2,+++ tp-1 <n 
This means that A” = 0, i.e., h(A) <r. 


Now, a characterization on lattice matrices with an arbitrary nilpotent index can be given 


in the following. 


Theorem 4.1 Let A € M,,(L) be a nilpotent matrix. Then h(A) = r(r € N) if and only if 
there exists p € S,—-1(A),Wa(p) £0 and for all p € S,.(A), Wa(p) = 0. 


Proof (<=) If A is a nilpotent matrix, by Lemma 4.1, h(A) > r, and by Lemma 4.2, 
h(A) <r, thus h(A) =r. 


(= +)Since h(A) = r implies A’! # 0, there exist i9,i1,--- ,ip—2,j0 € N, such that 
Gigi Vizin *** Bi,_oj9 FO, by Lemma 2.4, this means that ip, 71,--- ,ir—2, jo are pairwise distinct, 
ie., there exists p = (t0,41,°-+ ,tr—2,Jjo) € Sr—1(A), WA(P) = Gigi, Gizig ++ Gi,aj9 FO. On 


the other hand, if h(A) = r, then for all p € S,(A),Wa(p) = O(otherwise, if there exist 
p€S;,(A),Wa(p) £0, by lemma 4.1, h(A) > r+ 1, this is a contradiction). 
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Abstract: In this paper, we study the join of graphs, and give the values of crossing 
numbers for join products G; V Pn for some graphs G;(t = 2,5,6,9) of order five, which is 
related with parallel bundles on planar map geometries ([10]), a kind of planar Smarandache 


geometries. 
Key Words: graph, crossing number, join, drawing, path. 
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§1. Introduction 


A drawing D of a graph G on a surface S' consists of an immersion of G in S such that no edge 
has a vertex as an interior point and no point is an interior point of three edges. We say a 


drawing of G is a good drawing if the following conditions holds. 


(i) no edge has a self-intersection; 
(ii) no two adjacent edges intersect; 
(iti) no two edges intersect each other more than once; 
(iv) each intersection of edges is a crossing rather than tangential. 

Let G be a simple graph with vertex set V and edge set EF. The crossing number cr(G) of 
a graph G is the smallest number of pairs of nonadjacent edges that intersect in a drawing of G 
in the plane. An optimal drawing of a graph G is a drawing whose number of crossings equals 
cr(G). Let A and B be disjoint edge subsets of G. We denote by crp(A, B) the number of 
crossings between edges of A and B, and by erp(A) the number of crossings whose two crossed 
edges are both in A. Let H be a subgraph of G, the restricted drawing D|y is said to be a 
subdrawing of H. As for more on the theory of crossing numbers, we refer readers to [1] and 
[2]. In this paper, we shall often use the term region also in non-planar drawings. In this case, 
crossing are considered to be vertices of the map. 

Let G and H be two disjoint graphs. The union of G and H, denoted by G+ H, has vertex 
set V(G) UV (A) and edge set E(G) UE(H). And the join of G and H is obtained by adjoining 
every vertex of G to every vertex of H in G+ H which is denoted by G V H (see [3]). 
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Let Kym denote the complete bipartite graph on sets of m and n vertices, that is, the 
graph whose edges join exactly those pairs of vertices which belong one to each set. Let P,, be 
the path with n vertices. 


From the definitions, following results are easy. 


Proposition 1.1 Let G be a graph homeomorphic to H (for the definition of homeomorphic, 
readers are referred to [2]), then cr(G) = cr(H). 


Proposition 1.2 If G is a subgraph of H, then cr(G) < cr(#). 


Proposition 1.3 If D is a good drawing of a graph G, A, B and C are three mutually disjoint 
edge subsets of G, then we have 

(1) crp(AU B) =crp(A) + crp(A, B) + crp(B); 

(2) erp(AU B,C) =crp(A,C) + erp(B,C). 


The investigation on the crossing number of graphs is a classical and however very difficult 
problem. The exact value of the crossing number is known only for few specific families of 
graphs. The Cartesian product is one of few graph classes, for which exact crossing number 
results are known. It has long conjectured in [4] that the crossing number cr(K ym) of the com- 


plete bipartite graph Kim mn equals the Zarankiewicz’s Number Z(m,n) = |2||*)|4) [4+]. 
(For any real z,|2| denotes the maximum integer not greater than x). This conjecture has been 
verified by Kleitman for min{m,n} < 6, see [5]. The table in [6] shows the summary of known 
crossing numbers for Cartesian products of path, cycle and star with connected graphs of order 
five. 

Kulli and Muddebihal [7] gave the Characterization of all pairs of graphs which join is 
planar graph. In [8] Bogdan Oporowski proved cr(C3 V Cs) = 6. In [9] Ling Tang et al. gave 
the crossing number of the join of C,, and P,. It thus seems natural to inquire about crossing 
numbers of join product of graphs. In this paper, we give exact values of crossing numbers for 
join products G; V P,, for some graphs G;(i = 2,5,6,9)see Fig.1 of order five in table [6], which 
is related with parallel bundles on planar map geometries ((10]), a kind of planar Smarandache 


SASs 


Fig.1 


geometries. 


§2. The Crossing Number of G2 V P,, Gg V P, and Gg V P, 


One of good drawings for graphs G2 V P,, Ge V Py, and Gg V P, are shown in Fig.2-Fig.4 
following. 
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A good drawing of Gp V Py, 
Fig.2 


A good drawing of Gg V Pr 
Fig.3 


A good drawing of Gp V Py, 


Fig.4 


Theorem 2.1 cr(G; V P,) = n(n — 1)(i = 2,6,9), forn > 1. 


Proof The drawing in Fig.2, Fig.3, Fig.4 following shows that cr(G; V P,) < Z(5,n) + 
2|4) = 4|3)(54) + 218] = n(n - 1) = 2,6,9) (see Fig.2). As G; contains a subgraph 
homeomorphic to Ky,4,n, whose crossing number is n(n—1) (see [11]). So we have cr(GiV P,) > 
cr(Ky4n) = n(n — 1)(¢ = 2,6,9). This complete the proof. 


§3. The Crossing Number of Gs; V P, 


Firstly, let us denote by H,, the graph obtained by adding six edges to the graph Ks5,,, containing 
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n vertices of degree 5 and two vertices of degree n+ 1, one vertices of degree n + 2, two vertices 
of degree n + 3, and 5n + 6 edges (see Fig.5). Consider now the graph G5 in Fig.1. It is easy 
to see that H, = Gs UKs», where the five vertices of degree n in Ks, and the vertices of G's 
are the same. Let, for i = 1,2,--- ,n, T’ denote the subgraph of Ks, which consists of the five 
edges incident with a vertex of degree five in K5,, (see Fig.6). Thus, we have 


n 


Hp = Ge Ron = GU 7"). (1) 


Ap, 
Fig.5 Fig.6 


Lemma 3.1 Let ¢ be a good drawing of Hn, if there exist 1 < i # 37 < n, such that 
crg(T’,T/) =0, then 
arg(Gs, 7? UT) > 1. 


Proof Let H be the subgraph of H,, induced by the edges of T’UTJ. Since crg(T’, T/) = 0, 
and in good drawing two edges incident with the same vertex cannot cross, the subdrawing of 
T’ UT! induced by ¢ induces the map in the plane without crossing, as shown in Fig.7(a). 
Let a,b,c,d,e denote the five vertices of the subgraph G's (see Fig.7(b)). Clearly, for any 
x € V(Gs), there are exactly two other vertices of Gs on the boundary of common region with 
x. By dg, (b) = 3, at the edges incident with b, there are at least one crossing with edges of H. 
Similarly, at the edges incident with d, there are at least one crossing with edges of H. If the 
two crossings are different, this completes the proof, otherwise, the same crossing can find at 
edge bd, there are also at least one crossing with edges of H. The proof also holds. Therefore, 


we complete the proof. 


Theorem 3.2 cr(H,) = Z(5,n) + |$)|,n 21. 
Proof The drawing in Fig.5 shows that 
n n 
cr(Hn) < cr(K5n) + Ls! = Z(5,n) + Ls]. 


Thus, in order to prove theorem, we need only to prove that cry (Hn) > 2(5,n) + |Z] for any 
drawing oe of H,,. We prove the reverse inequality by induction on n. The case n = 1 is trivial, 
and the inequality also holds when n = 2 since Hz contains a subgraph homeomorphic to 13 3, 
whose crossing number is 1. Now suppose that for n > 3, 


—2 
cr(Hn2) > Z(5,n—2) + [— 


| (2) 
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and consider such a drawing ¢ of H,, that 
n 
org(Hn) < Z(5,n) + [2 (3) 
Our next analysis depends on whether or not there are different subgraph T’ and T’ that do 


not cross each other in @. 


Case 1 Suppose that cr¢(T;,T;) > 1 for any two different subgraphs T* and T/,1<if#j <n. 
By Proposition 1.3, using (1), we have 


crg(Hn) = crg(Ks.n) + crg(Gs) + crg(K5.n, Gs) > Z(5,n) + cre(Gs5) + s- crg(Gs,T") 
i=1 
This, together with our assumption (3), implies that 
n : n 
ce = 
cra(Gs) +) cre(Gs, ) < ls! 


We can see that in ¢ there are no more than | 4| subgraphs T * which cross Gs, and at least have 
[$] subgraphs T’ which does not cross G;. Now, we consider T’, which satisfy crg(Gs5,T") = 0. 
Without loss of generality, we suppose crg(G5,7T”) = 0 and let F be the subgraph G; UT” of 
the graph Hy. 


(1) (2) (3) (4) (5) 


Fig.8 


Consider the subdrawings ¢* and $** of Gs and F’,, respectively, induced by ¢. Since 
cr¢(G5,T”) = 0, the subdrawing ¢* divides the plane in such a way that all vertices are on 
the boundary of one region. It is easy to verify that all possibilities of the subdrawing ¢* are 
shown in Fig.8. Thus, all possibilities of the subdrawing ¢** are shown in Fig.9. 


ES. D- &- 
(1) (2) (3) 
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TT 


Fig.9 


(a) The subdrawing ¢** of (G;UT”) is isomorphic to Figure 9(1). When the vertex t;(1 < 
i < n—1) locates in the region labeled w, we have crg(T", GsUT”) > 1, using crg(T’, T’) > 1, we 
have crg(T", Gs UT”) > 2; when the vertex t; locates in the other regions, we have crg(T", Gs U 
T”) >3. 

We suppose there are x vertices t; locates in the region labeled w, and the other n — 1-2 


vertices locates in the other regions. It has been proved that x is no more than |4J, so by 


Proposition 1.3, we have 


n—-1 


crg(Hn) = crg(GsUT"U LJ 7") 
i=1 
n—-1 ; n—-1 ; 
= crg(G5UT”, U T’) +crg(G5 UT”) +erg(\J T’) 
i=1 i=1 
> Z(5,n—-1)+2x4+3(n—-1-2) 
n, n—1 n 
> = ea ee (a 
> al 254) 45n-3- [2 
> 2(5,n) +15] 


(b) The subdrawing ¢** of (G5UT™) is isomorphic to Figure 9(2). When the vertex t;(1 < 
i < n—1) locates in the region labeled ¢, we have crg(T’,Gs UT”) > 2; when the vertex t; 
locates in the other regions, we have crg(T’,Gs UT”) > 3. Using the similar way as Fig.9(1), 
we can have crg(Hn) > Z(5,n) + |]. 

(c) The subdrawing ¢** of (Gs UT”) is isomorphic to Figure 9(3)-9(6). No matter which 
region ¢; locates in, we have crg(T’, Gs UT”) > 3. Then by Proposition 1.3, we have 


n—-1 
crg(Hn) = crg(GsUT”"U U a.) 
i=1 
n—-1 ; n—-1 
= crg(G5UT”, U T’) +crg(G5 UT”) + crg( U T’) 
i=1 i=1 
> Z(5,n—-1)+3(n—1) 
> 2(5,n) +15] 


This contradicts (3). 
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Case 2 Suppose that there are at least two different subgraphs T* and T% that do not cross 
each other in ¢. Without loss of generality, we may assume that crg(T”~',T”) = 0. By Lemma 
3.1, erg(Gs,T° 1 UT") 2 1, as er(Ka5) = 4, for alli =1,2,-+- ,n—2, erg (7, T? 1UT") 24. 
This implies that 

erg(Hn-2,T" 1 UT") > 4(n-2)+1=4n-7 (4) 


As Hy, = Hn-2U(T" UT"), using (1),(2) and (4), we have 
crg(Hn) = crg(Hn—2) + erg(T” 1 UT") + crg(Hn-2,T” 'UT") 
n-2, n-—3 n—2 
=e ls 


= Z(5,n)+ 5 


4| 


|+4n-7 


This contradiction to (3). So the conclusion is held. 


This completes the proof of Theorem 3.2. 


A good drawing of G's V Py, 
Fig.10 


Theorem 3.3 cr(Gs5 V P,) = Z(5,n) + | 3], forn > 1. 


Proof 'The drawing in Fig.10 shows that cr(G5 V P,) < Z(5,n)+|4$]. Contrast Fig.10 with 
Fig.5, it is easy to check that Gs VP, has a subgraph which is homeomorphic to H,,, whose cross- 
ing number is Z(5,n) +[4] in Theorem 3.2. So we have cr(G5 V P,) > er(Hn) = Z(5,n)+ [FI]. 

This completes the proof of Theorem 3.3. 
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Abstract: In this paper, we introduce 3-dimensional L-summing method by combinatorial 
speculation ([8]), which is a more complicated version of the usual technique of “changing 
the order of summation”. Applying this method on some special arrays we obtain identities 
concerning some special functions, and we get more identities by using a Maple program for 


this method. Finally, we introduce higher dimensional versions of L-summing method. 
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§1. Introduction 


a“ 


An identity is a mathematical sentence that has “=” in its middle; Zeilberger [7]. An ancient 
and well-known proof for the identity 


n 


So (2k-1) =n? 


k=1 


considers an n x n array of bullets (the total number of which is abviously n?) as the following 


figure 


Fig.1 


and divides it into n L-shaped zones containing 1,3,--- ,2n —1 bullets. In Hassani [3] we have 


generalized this process to all arrays of numbers with two dimension; to explain briefly, we 
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consider the following n x n multiplication table 


ji [oe [-- [a? | [i] 


and we set X(n) for the sum of all numbers in it. By summing line by line and using the identity 
14+2+---+n=n(n+1)/2 we have U(n) = (n(n + 1)/2)?. On the other hand, letting Ly, be 
the sum of numbers in the rotated LZ in above table (right part of FIGURE 2), we have 


Ly=k+2k+---+h? +--+ 2k +k =2k(14+24+---+k) -RP=R’, 


which gives U(n) = S7p_, Le = Dop_, k°, and therefore )7/_, k? = (n(n + 1)/2)?. We call 
L,, L-summing element and above process is 2-dimensional L-summing method (applied on the 
array Ay» = ab). In general, this method is 


SOL — Summing Elements) = ©. (1) 


More precisely, the L-summing method of elements of n x n array Agy with 1 < a,b < n, is the 


following rearrangement 


n k k 
Yo {So Aan + 5 Avo — Aux} = 2 Ago. 

k=1 a=1 b=1 1<a,b<n 
This method allows us to obtain easily some classical algebraic identities and also, with help 
of Maple, some new compact formulas for sums related with the Riemann zeta function, the 
gamma function and the digamma function, Gilewicz [2] and Hassani [3]. 

In this paper we introduce a 3-dimensional version of L-summing method for nxn xn arrays 
and we apply it on some special arrays. Also, we give a Maple program for this method and using 
it we generate and then prove more identities. Finally, we introduce a further generalization of L- 
summing method in higher dimension spaces. All of these are applications of the combinatorial 
speculation. The readers can see in [8] for details. 


§2. L-Summing Method in R® 


Consider a three dimensional array Agy. with 1 < a,b,c <n and n is a positive integer. We 
find an explicit version of the general formulation (1) for this array. The sum of all entries 
is U(n) = oy <4.p.e<n Aabe- The L-summing elements in this array have the form pictured in 
Fig.3. 
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So, we have Lr = do = aT + Xo, with 


k k k 
am Ake 1 So Aake + S- Aabk; 


“2. = 
b,c=1 a,c=1 a,b=1 
k k k 
“i = >. Aakk + >. Akpk + > Akke, 
a=1 b=1 c=1 
Xo = Aggr- 


Note that “2 is the sum of entries in three faces, 1 is the sum of entries in three intersected 
edges and No is the end point of all faces and edges. Therefore, L-summing method in R® takes 
the following formulation 


n 
S “ {Ze — D1 + No} = U(n). (2) 
k=1 
Above equation and its generalization in the last section, rely on the so-called “Inclusion - 
Exclusion principal” . 
If the array Agye is symmetric, that is for each permutation 0 € S3 it satisfies Agye = 
Ag,o,c., then L-summing elements in R® take the following easier form 


k k 
Ly =3 .3 Akbe — oy, Aakk + Akkk- (3) 
b,c=1 a=1 
As examples, we apply his method on two special symmetric arrays, related by the Riemann 


zeta function and digamma function. 
The Riemann zeta function Suppose s € C and let Ago. = (abc)~*. Setting ¢,(s) = 
pe KS, it is clear that 


E(n)= D> (abe)? = Rs). 


l<a,b,c<n 
Since this array is symmetric, considering (3), we have 


2 


Ly =3 
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Using (2) and an easy simplification, yield that 
57 GE) _ Galo) _ G6) ~ Gul) as 
s k2s = 3 7 


k=1 
Note that if #(s) > 1, then lim, ¢n(s) = ¢(s), where ¢(s) = 072, n~* is the well-known 
Riemann zeta function defined for complex values of s with R(s) > 1 and admits a meromorphic 
continuation to the whole complex plan, Ivié [5]. So, for R(s) > 1 we have 


ts Ce(s 3(s) — C(3s 
ae as) _ St) ( ) 


which also is true for other values of s by meromorphic continuation, except s = 1 and s = z. 
Digamma function Setting s = 1 in (??) (or equivalently taking Agye = +.) and considering 
(l= Hy = t we obtain 


We can state this identity in terms of digamma function U(r) = 4 InT(x), where I(x) = 


Jo? e~'t®— dt is the well-known gamma function. To do this, we use 


0 
W(n+1)+y7= Ah, (5) 
in which y = 0.57721... is the Euler constant; Abramowitz and Stegun [1]. Therefore, we 
obtain 
“((Wk+1)+7)? Wk+1)+7 (U(n+1) + 7)? — G3) 
ee 
k k 3 

k=1 

Letting 


k=1 
the following identity in Hassani [3] is a result of 2-dimensional L-summing method 


(W(n+1)+y7)?+U(1n+1) 7? 


g(1,n) = See ey eT _wmtin-7 
where U(m, x) = < W(x) is called m*” polygamma function; Abramowitz and Stegun [1], and 
we have 

(—1)s-? 
“9 >Gaap  e (s € Z,s > 2). (8) 


Using (8) in (4) we can get a generalization of (6), however (6) itself is the key of obtaining an 
analogue of (7) in R’. 


Theorem 1 For every integer n > 1, we have 


{xi n me) _ G+ )ty? 8)» 


oS 


k; k? 3 3 
k=1 


— (7¥-2)¥(1,n+1) —7U(n4 1) — 7 — 28(1,n). 


n 
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Proof We begin from the left hand side of the identity (6), then we simplify it by using the 
relations U(n + 1) = 4+ W(n), (5) and the relation (8) with s = 2. This completes the proof. 


Corollary 2 For every integer n > 1, we have 


(2m) = SerPry a) a (y-2)¥m+1) 


— FV(n+1)—7? — 28(1,n)— 


W(n+1)3 
3 


In the above corollary, the main term in the right hand side is . Also, computations 


show that 772, S& = 0.252... 


Note and Problem 3 Since U(x) ~ Inz, we obtain 


je nk ~f In™ k ik 7 In’? ty Wa ier 
k — m+i1 m+l — 


k=1 


It is interesting to find an explicit recurrence relation for the function §(m,n). One can attack 
this problem by considering generalization of L-summing method in higher dimension spaces, 
considered in the last section of this paper. 


§3. An Identity - Generator Machine 


Based on the formulation of 3-dimensional L-summing method, we can write a Maple program 
(see Appendix 1), with input a 3-dimensional array Agy-, and out put an identity, which we 
show it by LSMI < Ags. >. We introduce some examples; the first one is LSMI < In(a) >, which 
is 

n 


So {k? Ink + 2kInP(k +1) —2kInk —InP(k+1)+Ink} =n? InT(n + 1). 
k=1 
To prove this, we consider relations (2) and [(n+1) = n!, and we obtain U(n) =n? 0"_, Ina = 
n?7InT'(n+1). Also, 2 =k? nk+2kInP'(k +1), ¥; =ml(k+1) + 2kInk and Xp = Ink. 
Breaking up the statement under the sum obtained by LSMI < In(a) > into the sum of 
(k? —k)Ink + 2kInT'(k +1) and nT'(k+1)+kInk — Ink, and considering Proposition 6 of 
Hassani [3], which states 


So {nl (k +1) + kink —Ink} =ninT(n+1), 
k=1 


led us to the following result 


So {(k? —k) nk + 2knT(k +1)} = (n? +n) nT (n+ 1). (9) 

k=1 
This is an important example, because examining Maple code of expressed sum in (9), we see 
that Maple has no comment for computing it. But, it is obtained by Maple itself and L-summing 
method. There is another gap in Maple recognized by this method (see Appendix 2). 
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As we see, Maple program of 3-dimension L-summing method is a machine of generating 
identities. Many of them are similar and are not interesting, but we can choose some interesting 
ones. Another easy example is LSMI < tan(a) >, which (after simplification) is 


2 {(k — 1)? tank + (2k — 1)&(k)} =n?Z(n), 


k=1 


where {(n) = 77_, tank. Our last example is an identity concerning hypergeometric functions, 
denoted in Maple by 


hypergeom([a, a2 --- dp],[bi bz --+ bg],x). 


Standard notation and definition; Petkovsek, Wilf and Zeilberger [6], is as follows 


a, ag *«* a 
pkg me * 90 = 1s 
by by +++ bg oar 
where 
tk41 = (k + a1)(k + a2) +++ (k+ ap) 2 
th (k + b1)(K + bz) +--+ (K+ bg)(K +1) ~ 


Now, setting 
a 6 


1 


- 


H(a, 8) = 2Fo 
after simplification of LSMI < a! > we obtain 


S> {(k = 1)?k! + (2h — (kK +1) H(1, k + 2)} = n?(n + 1)IG(1,n + 2). 
k=1 


n 


To prove this, considering definition of hypergeometric functions we have §(1,n +1) = (n+ 

1)9(1,n + 2), which implies )7"_, a! = (1,2) — (n+ 1)!H(1,n + 2) = PB(n), say. This gives 

X(n) = n798(n) and in similar way it yields that Lj, = (k—1)?k!+(2k—-1) ((k + 1) H(1,k + 2) — H(1, 2)). 
Above examples are special cases of the array Ago. = f(a), for a given function f. In this 


general case, L-summing method takes the following formulation 
do {(2k — 1)8(k) + ( - 1)? f(K)} = r7(n), 
k=1 

where §(n) = -"_, f(a). 

§4. Futher Generalizations and Comments 


L-summing method in R’ Consider a t—dimensional array Az,25...2, and let U(n) = 
SO Agyag-2, With 1 < x1,%2,---,a, <n. L-summing method in R‘ is the rearrangement 
X(n) = >> Ly, where 


Le= D> {(-1)" "Eh -m}, 


m=1 
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with 
/ 
Lim = S { 5 Axisigin } . 
1<i1 <ig<++<im<t 
. /. . 
The inner sum >’ is over 2; € {2;,,--+ , %i,, $9 = {21,02,-++ , tt} — {zi,,--+ , vi, } with 1 < 
x; <k, and the index xj,;,..4,, denotes 71r2---x_ with x, Lin ee Oe. k. One 


can apply this generalized version to get more general form of relations obtained in previous 


sections. For example, considering the array Ay,2,..2, = (41@2°+:a)~* with s € C, yields 


= yy(-1y" econ, = G(s)! + (Denis). 


k=1 \m=1 
L-summing method on manifolds. As we told at the beginning, the base of the L-summing 
method is multiplication table. Above generalization of L-summing method in R? is based on 
the generalized multiplication tables; see Hassani [4]. But, R’ is a very special ¢-dimensional 
manifold, and if we replace it by T, an /—dimensional manifold with | < t, then we can define 
generalized multiplication table on T by considering lattice points on it (which of course isn’t 


easy problem). Let 
Ly(n) = {(a1, 42,°++ , a2) ETON’: 1 < ay, a0,-+- ,a¢ <n}, 


and f : R* — C is a function. If Op is a collection of k — 1 dimension orthogonal manifolds, 
in which Lp(n) = Unco,La(n) and La,(n) 1 La, (n) = ¢ for distinct Aj, A; € Or, then we can 
formulate L-summing method as follows 


SS =o. y. }: 
(n) 


XELp(n) AEOp XELa(n 


Here L-summing elements are }/ y¢r,(n) {(X). This may ends to some interesting identities, 
provided one applies it on some suitable manifolds. 


Stronger form of L-summing method. One can state the relation }> L, = U(n) in the 
following stronger form 

Lp = X(n) — S(n — 1). 
Specially, this will be useful for those arrays with %(n) computable explicitly and L;, maybe 
note. For example, considering the array Az,x5...c, = (@1%2-++24)~* we obtain 


t-1 


So 141) amma (ayo = Gala) + (=) "Galts) — Gale) = ("Graft 


m=1 
Acknowledgment. Thanks to Z. Jafari for introducing me some comments. 
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abe 


art: 


Alabc] :=1/(a*b*c) ; 


$21: 
$22: 
$23: 
82: 
Sit: 
$12: 
$13: 
S$1:= 
S0:= 
L{k] 
ST(A 


Sum ( 


=sum(sum(eval (A[abc] ,a=k) ,b=1..k),c=1..k): 
=sum(sum(eval (A[abc] ,b=k) ,a=1..k),c=1..k): 
=sum(sum(eval (A[abc] ,c=k) ,a=1..k),b=1..k): 
$21+522+5823: 

=sum(eval (eval (A[abc] ,a=k) ,b=k) ,c=1..k): 
=sum(eval (eval (A[abc] ,a=k) ,c=k) ,b=1..k): 
=sum(eval (eval (A[abc] ,b=k) ,c=k) ,a=1..k): 
$11+512+S13: 

eval (eval (eval (A[abc] ,a=k) ,b=k) ,c=k): 
:=simplify(S2-S1+S0) : 
):=(simplify(sum(sum(sum(A[abc] ,a=1..n),b=1..n),c=1..n))): 
L[k] ,k=1..n)=ST(A) ; 


Appendix 2. A note on the operator “is” in Maple 


The operator “is” in Maple software verifies the numerical and symbolic identities and inequalities, and 


it’s out put is “true”, “false” or “FAIL”. We consider the following example, with “FAIL” as out put. 


A:=binomial(2*k+1,k+1)+binomial(2*k+1,k)-binomial(2*k,k): 
is(sum(A,k = 1 .. n) = binomial(2*n+2,n+1)-2); 
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This example is verifying the following identity: 


E(t) -(2)-()}- (3) > 


which is true by using Maple and L-summing method; Hassani [3]. 
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Abstract: The basis number of a graph G is defined to be the least integer d such that 
there is a cycle basis, B, of the cycle space of G such that each edge of G is contained in at 
most d members of B. MacLane [11] proved that a graph G is planar if and only if b(G) < 2. 
Jaradat [5] proved that the basis number of the direct product of a bipartite graph H with 
a cycle C is bounded above by 3 + b(H). In this work, we show that the basis number of 
the direct product of a theta graph with a cycle is 3 or 4. Our result, improves Jaradat’s 
upper bound in the case that H is a theta graph containing no odd cycle by a combinatorial 


approach. 
Key Words: cycle space; basis number; cycle basis; direct product. 


AMS(2000): 05038, 0575. 


§1. Introduction 


In graph theory, there are many numbers that give rise to a better understanding and interpre- 
tation of the geometric properties of a given graph such as the crossing number, the thickness, 
the genus, the basis number, etc.. The basis number of a graph is of a particular importance 
because MacLane, in [11], made a connection between the basis number and the planarity of a 
graph, which is related with parallel bundles on planar map geometries, a kind of Smarandache 
geometries; in fact, he proved that a graph is planar if and only if its basis number is at most 
2) 


In general, required cycle bases is not very well behaved under graph operations. That 
is the basis number 6(G) of a graph G is not monotonic (see [2] and [11]). Hence, there does 
not seem to be a general way of extending required cycle bases of a certain collection of partial 
graphs of G to a required cycle basis of G, respectively. Global upper bound b(G) < 27(G) +2 
where 7(G) is the genus of G is proven in [12]. 


In this paper, we investigate the basis number for the direct product of a theta graphs with 
cycles. 


1Received February 15, 2008. Accepted April 24, 2008. 
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§2. Introduction 


Unless otherwise specified, the graphs considered in this paper are finite, undirected, simple 
and connected. For a given graph G, we denote the vertex set of G by V(G) and the edge set 
by E(G). 


Cycle Bases 


For a given graph G, the set € of all subsets of E(G) forms an |E(G)|-dimensional vector space 
over Z with vector addition X © Y = (X\Y)U(Y\X) and scalar multiplication 1. xX = X 
and 0- X = 0) for all X,Y € €. The cycle space, C(G), of a graph G is the vector subspace of 
(E,®,-) spanned by the cycles of G. Note that the non-zero elements of C(G) are cycles and 
edge disjoint union of cycles. It is known that for a connected graph G the dimension of the 


cycle space is the cyclomatic number or the first Betti number 
dim C(G) = |E(G)| — |V(G)| +r (1) 


where r is the number of components in G. 

A basis B for C(G) is called a cycle basis of G. A cycle basis B of G is called a d-fold if 
each edge of G occurs in at most d of the cycles in B. The basis number, b(G), of G is the 
least non-negative integer d such that C(G) has a d-fold basis. The following result will be used 
frequently in the sequel. 


Theorem 2.1.1.(MacLane). The graph G is planar if and only if b(G) < 2. 


The following theorem due to Schmeichel, which proves the existence of graphs that have 


arbitrary large basis number. 
Theorem 2.1.2. (Schmeichel) For any positive integer r, there exists a graph G with b(G) > r. 


Products 


Many authors studied the basis number of graph products. The Cartesian product, HO, was 
studied by Ali and Marougi [3] and Alsardary and Wojciechowski [4]. 


Theorem 2.2.1. (Ali and Marougi) If G and H are two connected disjoint graphs, then 
b(GO#H) < max{ b(G)+ A(T), b(H)+A(Te)} where Ty and Tg are spanning trees of 


HT and G, respectively, such that the maximum degrees A(T) and A(Ta@) are minimum with 
respect to all spanning trees of H and G. 


Theorem 2.2.2.(Alsardary and Wojciechowski) For every d > 1 andn > 2, we have b(K@) < 9 
where K@ is ad times Cartesian product of the complete graph Kn. 


An upper bound on the strong product Kl was obtained by Jaradat [9] when he gave the 
following result: 
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Theorem 2.2.3.(Jaradat) Let G be a bipartite graph and H be a graph. Then b(GR A) < 
max { b(#) +1,2A(H) +8(G) -1, — ,(G) + 2}. 


The lexicographic product, G[H], was studied by Jaradat and Al-zoubi [8] and Jaradat 
[10]. They obtained the following result results: 


Theorem 2.2.4.(Jaradat and Al-Zoubi) For each two connected graphs G and H, b(G[H]) < 
Max{4, 2A(G) +b(H),2+ 0(G)}. 


Theorem 2.2.5.(Jaradat) Let G,T, and T2be a graph, a spanning tree of G and a tree, respec- 
tively. Then, b(G[T2]) < b(G[H]) < max {5,4+ 2A(TS.,) + o(H),2+0(G)} where T° stands 
for the complement graph of a spanning tree T in G and Tin stands for a spanning tree for 
G such that A(T.) = min{ A(T°)|T is a spanning tree of G}. 


min 


Schmeichel [12], Ali [1], [2] and Jaradat [5] gave an upper bound for the basis number on 
the semi-strong product e and the direct product, x, of some special graphs. They proved the 
following results: 


Theorem 2.2.6. (Schmeichel) For each n > 7, b( Ky e Po) = 4. 

Theorem 2.2.7.(Ali) For each integers n,m, b( Km e Kn) < 9. 

Theorem 2.2.8. (Ali) For any two cycles C, and Cp, with n,m > 3, b(C, x Cm) = 3. 
Theorem 2.2.9.(Jaradat) For each bipartite graphs G and H, b(G x H) <5+0(G) + 0(#). 
Theorem 2.2.10. (Jaradat) For each bipartite graph G and cycle C, b(G x C) <3+40(G). 


We remark that knowing the number of components in a graph is very important to find 


the dimension of the cycle space as in (1), so we need the following result. 


Theorem 2.2.11.((5]) Let G and H be two connected graphs. Then G x H is connected if 
and only if at least one of them contains an odd cycle. Moreover, If both of them are bipartite 


graphs, then G x H consists of two components. 


For completeness, we recall that for two graphs G and H, the direct product G x H is 
the graph with the vertex set V(G x H) = V(G) x V(H) and the edge set E(G x H) = 
{(u1, U2)(v1, v2)|u1v1 € E(G) and ugve € E(H)}. 

In the rest of this paper, fg(e) stand for the number of elements of B containing the edge 
e where B CC(G). 


§3. The Basis number of 0, x Cyn. 


By specializing bipartite graph G in Theorem 2.2.10 into a theta graph 6, containing no odd 
cycles, we have that b(@, x Cm) <5. In this paper, we reduce the upper bound to 4. In fact, 
we prove that the basis number of the direct product of a theta graph with a cycle is either 
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3 or 4. Throughout this work we assume that {1,2,...,n} and {1,2,...,m} to be the vertex 
sets of 6, and Ci, respectively. 


Definition 3.1. A theta graph 0,, is defined to be a cycle C, to which we add a new edge that 
joins two non-adjacent vertices. We may assume 1 and 6 are the two vertices of 0, of degree 


3. 


The following result follows from Theorem 2.2.11 and noting that at least one of 0,, and 
Cm contains an odd cycle if and only if at least one of n,m, and 6 is odd. 


Lemma 3.2. Let 6, be a theta graph and Cy, be a cycle. On X Cm is connected if and only if 


at least one of n,m, and 6 is odd, otherwise it consists of two components. 


Note that |E(@n x Cm)| = 2nm+ 2m and |V (On X Cm)| = nm. Hence, by the above lemma 
and equation (1), we have 
dimC(0, x Cm) =nm+22m+ s, 


where 


1, if 6, x Cm is connected, 


2, if 0, x Cy is disconnected. 


Lemma 3.3. Let 6, be a theta graph and Ci, be a cycle. Then b(@n X Cm) > 3. 


Proof Note that 6, x Cy, contains at most 4 cycles of length 3 and the other cycles are 
of length at least 4. Assume that 6, x Cy, has a 2-fold basis B. Then 


2(|E(On x Crm)|) 2 » |C| 
CEB 


> 4(dimC(@, x Cm) — 4) + 3(4) 
> A(dimC(@, x Cm) — 1), 
and so, 
2(2nm + 2m) 


IV 


nm+2m+s—-1 


nm+2m+s—-—1, 


3 
3 
+ 
3 
IV 


where s is as above. Thus, 


This is a contradiction. 


Lemma 3.4. For any graph 0, of order n > 4 and cycle Cy, of order m > 3, we have 
b(On X Cm) <4. 


Proof To prove the lemma, it is sufficient to exhibit a 4-fold basis, B, for C(@, x Cy). 
According to the parity of m,n and 6 (odd or even), we consider the following eight cases: 
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Case 1. m and n are even and 6 is odd. Then, for each j = 1,2,...,m— 2, we consider the 
following sets of cycles: 


AP = {(4,9)G41,7 +1) (69+2)@-1,9 +1) (4,9) 14 =2,3,...n—-1} 
U{(1, 9) (29+ 1) 7 +2) (m5 +1) (1 9)} 
U{(n, j) (n=1Lg+1) (74 20,741) Gaa)ts 


AY = {LA QF+D)(L5426F+ DGS}, 
AY = {(6,f) (6-154) (6,542) (L541) 6s)}- 


Also, we define the following cycles: 


a = (1,1) (2,2)(3,1)--.(m,2) 0,0), 

ce2 = (1,2)(2,1) (3,2).-.(n,1) (1,2), 

cz = (1,m)(2,m— 1) (3,m)...(6,m) (1,m-— 1) 
(2,m)...(d,m — 1) (1,m) 


Note that, the cycles of Aw) are edge pairwise disjoint for each 7 = 1,2,3,...,m— 2. 
Thus, AY ) ig linearly independent and of 1-fold. Let A; = PS AG ) Note that, each cycle 


of AW contains an edge of the form (i+ 1 J 7 1) (¢,9 + 2) or (n—- 1,7 +1) (n,j +2) which is 
not in Aue In addition, each cycle of Ay ) contains an edge of the form (i, j — 1) (i + 1,4) 

or (n,j)(n — 1,7 +1) which is not in A? . Therefore, A; is linearly independent. Let V; = 
3 :i+j =even}, and Vz = {(i,j):i+j = odd}. Let Hj be the induced subgraph of V, 
where § = 1,2. For each j = 1,2,...,m — 2, set 


B® = {,j)@41,9+1) ,5+2)G-174+1)7)|2<i<n-1 and 
i+j = even}U {(1,j) (2,7 +1) (1,7 +2)(n,j +1) (1,9): 1+ 9 = even} 
Uf{(n, J) (n— 1,9 +1) (n, 7 +2) 0,741) (n, 7): n+ 7 = even}, 
BP = {@AG41,5+)GI+26-LI+)GI|2St<n—-1and 
i+j = odd}U{(1,5) (2,f+1) (1,542) (n,74+1) (1,9): 14+ 9 = 0dd} 
U{(n, §) (n— 1,7 +1) (n,9 +2) (1,9 +1) (n, jf): n+ 9 = odd}. 


m—2 : 
Let FP) = U BY where k = 1,2. We prove that cz, is independent from the cycles of 
j= 


F®), Let sh ae x j(f + 1))N E (A) where C;, is the cycle in 0, obtained by deleting 
the edge 16 from @,. Then it is an easy matter to verify that {et .He, es Ey at is a 


partition of FE (C, x Pm) OE (Hz) where P,, is the path of C,, obtained by deleting the edge 
1m. Moreover, it is clear that ES") = B(c,) and ES UBM = E (By). Thus, if cp is 


a sum modulo 2 of some cycles of F“*), say {T,T2,...,T;}, then BY) GE AT; To y3 0050p 
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Since no edges in ES) belongs to F’ (cx) and ES U EM =E (2y”) Be) CAT, Toys oxy 
By continuing in this way, it implies that B’’~?) C {T,,T,...,T>}. Note that BW 


m= 


Th 
2 U 
BE” =e ae ) and each edge of FE. Be), appears in one and only one cycle of F“). 


It follows that E®), C E(cx). This is a contradiction. Therefore, F“ U {cz} is linearly 
on for k = 1,2. And since E(F® U{e})n EB (FO u ea) = ¢, we have 
du {c1, co} = At U {c1, cg} is linearly independent. Let Ay = Bo} “AY ) and A3 = as 7 AY 
It is easy to see that the cycles of A; are edge pairwise disjoint i = 2,3 and a cycle 
of Ag contains at least one edge of the form (6,7) (6 —1,7+1) and (6,7) (6 —1,7 — 1) which 
is not in Ag. And so Ag U Az is linearly independent. Clearly, cz can not be written as a 
linear combination of cycles of Ag U A3. Therefore, Az U A3 U {c3} is linearly independent. 
Let By = A, U Ag U Az U {c1, c2,¢3}. We now prove that By, is a linearly independent set. 
Note that E(Ag U Ag U {c3}) — {(1, 7) (6,79 + 1),(1,9 + 1) (6,7) |1 < j < m— 1} forms an edge 
set of a forest. Thus, any linear combinations of cycles of Ag U A3 U {c3} must contains at 
least one edge of the form (1,7) (6,7 +1) and (1,7 +1) (6,7) for some 7 < m— 1 because any 
linear combination of a linearly independent set of cycles is a cycle or an edge disjoint union 
of cycles. Now, Suppose that there are two sets of cycles say {di,d2,...,dy,} C Ai U {e1, co} 
and {f1, fo,--., fy,} G Ag U Ag U {c3} such that 5°", d; = 772, fi (mod 2). Consequently, 
E(d, Ga @-:- Ody) = E(fi GS foe---@ fy.) and so d; dy ®--- @d,, contains at least 
one edge of the form (1,7) (6,7 + 1) and (1,7 +1) (6,7) for some 7 < m— 1, which contradicts 
the fact that no cycle of A,U {c1, c2} contains such edges. We now define the following sets of 


cycles 
Ay = {AM = (i4+1,1) (6 4+2,2) (¢41,3)...(@+2,m)(i+1,1) :i=0,1, 
.,n— 2}, 
Bie tes [40 = G+1, 1) G2) 6+ 1,3)... (ém) @41,1) :4=1,2,....0-1}, 
and 
c, = (6,1)(6+1,2) (6,3) (6+1,4)...(5,m—1)(1,m) (6,1), 
c> = (1,1) (2,m) (3,1) (4,m)... (6,1) (1, m) (2,1)... (6,m) (1,1), 
ce; = (1,1) (n,2) (1,3) (n,4)... (n,m) (1,1), 
e = (n,1)(1,2)(n,3) (1,4)... (1,m) (m1). 


Let D = AAUASU4 ¢}, C5, C35 c,}. Each cycle Al of A, contains the edge (i + 2,m) (i + 1,1) 
which belongs to no other cycles of ByU Ay. Thus B,U Ay is linearly independent. Similarly, 
each cycle AY of As contains the edge (i,m) (¢+ 1,1) which belongs to no other cycles of 
B,U Aq U As. Hence ByU Ay U As is linearly independent. Now C1 is the only cycle of ByU 
Ag U As U {¢,} which contains the edge (1,m) (6,1). Hence ByU Aq U As U {e} is linearly 
independent. Similarly, c, is the only cycle of ByU Aq U As U {e., cy which contains the edge 


(d,m) (1,1). Thus ByU Ag U As U {e., cy is linearly independent. Now, c; and c; contain 
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(1,1) (n,m) and (1, m) (n, 1), respectively, which appear in no cycle of ByU Aq U As U {e1, cy}. 
Therefor, 6 = B, U D is linearly independent. Now, 


[B| 


5 3 4 

do lAd + Solel + Soleil 

i=1 i=1 i=1 

= n(m—2)+(m—2)+(m—2)+(n—1)+(n—-1)+34+4 
= nm+2m+1 

= dimC (6, X Cm). 


Hence, B is a basis of 0, x Cy. To complete the proof of this case, we only need to prove 
that B is a 4-fold basis. For simplicity, set Q = U3_,{c:}. Let e € E (On, x Cm). Then 


(1) Ife = (i, 7) (41,9 +1) or (n, 7) (1,9 +1) where 1 <i <n-1, and2<j <m-—-2, 
then fa, (e) = 2, fasuas (€) <1, fo (e) < 1, and fg (e) =0, and so fg (e) < 4. 
( 
( 


A 
= 
| 


(2) If e = (i,j) @+1,7 —1) or (n,7) (1,9 —1) where 1 <i<n-1,and3<j< 
) <1, and fg (e) = 0, and so fx (e) < 4. 


(3) Ife = (i, 1) @ + 1,2) or (1,1) (n, 2), where 1 <i < n—1, then fia, (e) =1, fasuas (e) < 


1, fp (e) < 1, and fg (e) < 1, and so fg (e) 

(4) If e = (2,2) (+ 1,1) or (1,2) (n,1) where 1 <i <n—1, then fa, (e) = 1, fasuay (e) < 
1, fp (e) < 1, and fg (e) = 1, and so fg (e) < 4. 

(5) Ife = (1, 7) (6,7 + 1) where 1 < j < m—2, then fa, (€) = 0, fasuas (€) < 2, fo (e) =1, 


and fg (e) = 0, and so fg (e) < 

(6) Ife = (1,7) (6,7 — 1) where 2 < j < m—2, then fa, (e) = 0, fagua; (e) < 2, fo (e) = 1, 
and fg (e) = 0, and so fg (e) <3. 

(7) If e = (i, m—1) (¢+1,m) or (i,m) (i +1,m—1) or (1,m) (n,m —1) where 1 <7 
n—1, then fa, (e) =1, fasuas (e) <1, fo (e) < 1, and fg (e) < 1, and so fg (e) < 4. 


(8) Ife = (1, m) (6,m — 1) or (1,m—1) (6,m) , then fa, (e) = 0, fasuas (e) <1, fo (e) <1, 
and fg (e) <1, and so fg (e) <3. 


IA 


(9) Ife = (¢+ 1,1) (i,m) or (i,1) + 1,m), where 1 < i < n—1, then fa, (e) = 0, 
faguas (€) = 9, fo (e) < 2, and fg (e) <1, and so fg (e) < 3. 

(10) Ife= (1, 1) (6, ee (1,m) (6,1), then fa, (e) = 0, fasuAs (e) = 0, fo (e) <2, and 
fo (e) =0, and so fi (e) < 

(11) If e = (1,1)(n,m) or (n,1) (1,m), then fa, (e) = 0, faguas (€) = 0, fo(e) < 1, 
and fg (e) = 0, and so fg(e) < 1. Therefore B is a 4-fold basis. The proof of this case is 
complete. 


Case 2. m and 6 are even and n is odd. Now, consider the following sets of cycles: A,, Ae 
and A3 are as in Case 1 and 
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a = (1,m)(2,m—1) (3,m)...(6,m—1) (1,m), 
c2 = (1,m—1)(2,m) (38,m—1)...(6,m) (1,m—1), 
cg = (1,1) (2,2) (8,1)... (nm, 1) (1,2) (2,1)... (m, 2) 1,1). 


Let B, = (U3_,A;) U(U%_y {e;}). Since E (c1) NE (cz) = @, {¢1,c2} is linearly independent. 
Since 6 > 4, c, contains an edge of the form (2,m— 1) (3,m) and c2 contains an edge of the 
form (2,m) (3,m—1) and each of which does not appear in any cycles of Ag U A3. Thus 
AU A3U {c1,c2} is linearly independent. Next, we show that A, LU {cs} is linearly independent. 
Let R; = E(C, x i(i+1)) where C,, is as in Case 1. Note that {Ri,Re,...,Rm-i} is a 
partition of E (C,, x Py) where P,, is as in Case 1. Also, F (cz) = Ri and Ri UR2 = E (4(?). 
Thus, if cs can be written as linear combination of some cycles of A;, say {K1, Ko,...,K-}, 
then AW) C {ki, Ko,...,K,}. Since Ro UR3 = E (4?) and no edges of R2 belongs to 
E(c3), AY? C {K,, Ko,...,K,}, and so on. This implies that Al"? C {K,, Ko,..., Kp}. 
Note that Ry, C E (ar?) and each edge of R,,-1 appears only in one cycle of A,. Thus 
Rm-1 © E(cs). This is a contradiction. Hence A; U {cs} is linearly independent. Let By = 
A, U Ag U Az U {c1, c2,¢3}. To show that B; is a linearly independent set, we assume that there 
are two set of cycles say {d1, do,...,dy,} C Ai U {e3} and {fi, fo,..., fog} C Ao UA U {e1, co} 
such that 57)", dj = 072, fi (mod 2). By using the same argument as in Case 1, we have that 
d, dz ®---@d,, contains at least one edge of the form (1, 7) (6,7 + 1) and (1,7 + 1) (6,7) for 
some j < m-—1. Which contradicts the fact that no cycle of AiU {ci} contains such edges. 
Now, let Ag, As, C3 and Cy are as defined in Case 1, and define the following cycles: 


c, = (1,1) (2,m) (3,1)...(6 —1,1) (6,m) (1,1), 


Co = (1,m) (2,1) (8,m)...(6,1) (1,m). 


Let D = Ag U As U { 12105304} By following the same arguments as in Case 1, we 
can prove that B = B, U D is a 4-fold basis for C(@, x Cm). The proof of this case is com- 
plete. 


Case 3. m,n, and 6 are even. Consider the following sets of cycles: A,, Az, A3, Ag, As and 
{c1,c2} are as in Case 1. Also, consider c3 = cy and c4 = cg where c; and cp are as defined in 


Case 2. Moreover, Ch and cy are as in Case 2. Define the following two cycles: 


cz = (1,1) (2,m) (3,1)...(n—1,1) (n,m) (1,1), 
(1, m) (2,1) (38, m)...(n —1,m) (n, 1) (1,m). 


io) 
i 
l| 


By using the same arguments as in Case 1 and Case 2, we can show that 


B= A, U AgU Ag U Ag U As U {e1, 625035 645 C1, C2505 Ca} 
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is linearly independent. Since 


5 
IB) = DAl+8 
= n(m—2)+(m—2)+ (m—2)+(n-—1)+(n-1)+8 
= nm+2m+2 


= dimC (6, x Cm), 


Bisa basis of C (0, x Cm). To show that B is a 4-fold basis, we follow, word by word, (1) to (11) 
of Case 1. The proof of this case is complete. 


Case 4. m is even, and 6 and n are odd. By relabeling the vertices of 6, in the opposite 
direction, we get a similar case to Case 2. The proof of this case is complete. 


Case 5. m is odd, and n and 6 are even. Consider the following sets of cycles: A,, Ag, A3 and 
{c1,c2} are as in Case 1. In addition, cz = c; and cq, = cp where c; and cg are as in Case 2. 
Using the same arguments as in Case 1 and Case 2, we can show that each of A; U {c1, co} and 
Ap UA3U {c3, c4} are linearly independent. Also, then we show that A;UA2UA3U {c1, c2, cs, ca} 
is linearly independent. Now, we define the following set of cycles: 


Ag = {al = (i,m) (i+ Lm 1) @+2,m) 41,1) (i,m): 1 sisn-2h, 


and 


As = {al = (1) + 1,m)@+2,1) @ 41,2) 1) :1sisn—2h. 


Also, define the following cycle: 


Cc, = (n—1,1) (n,m) (n—-—1,m—1) (n,m -— 2)...(n,1) (n —1,m) (n,m — 1) 
(n—1, m—2)...(n,2)(n—1,1). 


Note that, c; contains the edge (n — 1,m) (n,1) which does not occur in any cycle of By = 
A; U Ag U Az U {e1, C2, ¢3,c4$. Thus, ByU {cs is linearly independent. For simplicity, we set 


Ds {Dp , where Dy = { af", al? |. We now, use induction on n to show that the cycles 


of D are linearly independent. If n = 3, then D = D, = {ai”, ay} af) contains the edge 
(2,1) (3,m) which does not occur in the cycle al). Hence D is linearly independent. Assume 
n > 3 and it is true for less than n. Note that D = {De} af” 7) afr?) \. By the inductive 
step {py is linearly independent. Now, the cycle alt?) contains the edge (n — 1, 1) (n,m) 


which does not occur in any cycle of (Oo similarly the cycle as” contains the edge 


(n,1)(n — 1,m) which does not occur in any cycle of 8 a U {oy}. Therefore, D is 
linearly independent. Note that E(D) — {(i+ 1,1)(¢,m), (¢,1)(@+ 1,m)|1 <i <n — 2} forms 
an edge set of a forest. Thus, any linear combination of cycles of D must contain an edge of 
the form (4+ 1,1)(¢,m) or (i,1)(¢+ 1,m) for some 1 < i < n — 2 which does not occur in any 
cycle of BU {es}. Therefore, ByU {es} U D is linearly independent. 
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We now consider C1 and C5 as in Case 2 and om and Cy as in Case 1. Note that C1 and C5 
contain the edges (1, 1) (6,m) and (1, m) (4,1), respectively, which do not appear in any cycle of 
Bu {es} UD. Thus ByU DU Ch ei Cs is linearly independent. Similarly C3 and cy contain 
the edges (1,1) (n,m) and (1,m) (n,1), respectively, which do not appear in any cycle of ByU 
{euscose) UD. Thus 


B=B,UDU {c1,€2sCasCas sb 


is linearly independent. Now, 


5 
IB) = DUIAl+9 
= n(m—2)+(m-— 2) + (m-— 2) + (n— 2) + (n-2) +9 
nm+2m+1 


= dimC (0, x Cm)- 
Hence, B is a basis of C (A) X Ci). To complete the proof of this case, we show that B is 
a 4-fold basis. Let e € EF (0, x Cy). Then, 
(1) Ife = (@4+1,1)(é,m) or (¢,1) (@+1,m) where 1 < i < n—1, then fa, (e) = 0, 
faguAs (e) = 0, Sputel}5_, (e) <3, and fus_ fe,} (€) = 0, and so fg (e) < 3. 


ix=1 
(2) If e is as in (1) to (11) of Case 1 and not of the above form, then, as in that Case 1, 
fe (e) < 4. Therefore B is a 4-fold basis. The proof of this case is complete. 


Case 6. m and 6 are odd and n is even. According to the relation between m and 6, we split 
this case into two subcases. 


Subcase 6a. 5 < _m. Then consider the following sets of cycles: A,, Az, A3,c1,C2,¢3 are as in 
Case 1. In addition, for each i = 2,3,...,6, we define the following sets of cycles. 


F, = (4,1) (¢—1,2) (@—2,3)...(1,4) (6,4 +1) (6 —1,44+2) 
(6 —2,i+3)...(4,6+1)(G+1,6 + 2)(i,6+3)...(i-1,m) (4,1), 


and for each 7 = 1,2,3,...,6—1 


Fo = (i,1)@41,2)@42,3)...(6,6-¢4+1)(1,6-142) 
(2,5 -1+3)...(,6+ 1)G41,5 + 2)(6,6+3)...(i+1,m) (1). 


Also, set 


FL = (1,1)(6,2)(6-1,3) (6 —2,4)...(1,5 + 1) (5,6 +2) 
(1,5 +3)...(1,m—1)(6,m) (1,1), 


and 
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, 


F; = (6,1) (1,2) (2,3) (3,4)... (6,6 +1) (1,6 + 2) (6,5 +3) 
(1, 6+4)...(5,m—1) (1,m) (6,1). 
Let 
F=UL,F, and F =uU%,F,. 


By Case 1, Ay U A2gU A3 U{c1, C2, c3} is linearly independent. Note that each cycle of F contains 
an edge of the form (i — 1,m) (i, 1) or (6,m) (1,1) for some 2 <7 < 6 which does not occur 
in any other cycle of Ay U Ap U Ag UF'U {c1, C2, c3}. Thus, A; U Ag U Ag U F'U {¢1, co, c3} is 
linearly independent. Similarly, each cycle of F’ contains an edge of the form (i+ 1,m) (i, 1) 
or (1,m) (6,1) for some 1 < 4 < 6-1 which does not occur in any other cycle of Ay U Az U A3 U 
FUF' U {e1,c2,¢3}. Thus, Ay U Ag U-A3 U FU F’ U {c1, 2, 3} is linearly independent. Now, 
define the following sets of cycles: 


Ag = {a{? = (i,m) (i+ Lm = 1) G+ 2,m) + 1,1) (im) 6-1 sisn—2}, 


and 


As = { af? = (1) (i+ Lm) ¢+2,1) @+1,2)@1):6-1sisn—2}. 


Also, set the following cycles: 


(1, 1) (2, m) (3,1)... (n,m) (1,1), 
(1, m) (2,1) (38,m)...(n,1) (1,m). 


C4 


C5 


By using the same arguments as in Case 5, we can show that A,UAs is linearly independent. 
Since each linear combination of cycles of Ay U As contains an edge of the form (i + 1,1) (2,m) 
or (i, 1) (i +1,m) for some 6 < i < n — 2 which does not occurs in any cycle of Ay U Ag U A3 U 
FUFU {ce1,c2,¢3}, Ay U Ag U A3 U Ag U As U FU fu {c1,c2,¢3} is linearly independent. 
Finally, cq, contains the edge (n,m) (1,1) and cs contains the edge (n,1)(1,m) which do not 
appear in any cycle of A, U Aj U-A3 U AyU A5 UF UF’ U {ce}, c2, €3}. Thus, 


B= A,UA,U A3U AgU As UFUF U {e1, 2, €3, C4, C5} 


is linearly independent. Since 


5 5 
|B| Sold + 1FI+/F 1+ 32 lel 
i=l i=1 


= n(m—2)+(m-—2)4+(m-—2)4+ (n—6)+ 
(n-—6)+6+6+4+5 

= mn+2m+1 

= dimC(@, x Cn), 
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B is a basis of C(O, X Cm). To complete the proof of the theorem we only need to prove that 
B is a 4-fold basis. For simplicity let Q = U?_, {cj}. Let e € E (On x Cm). Then 


(1) ife = (4,7) @+1,7 +1) or (n, 7) (1,7 +1), where 1 <i<n-—1, and2<j<m-2, 
then fa, (e) = 2, JAsias (e) <1, frur’ (e) =1, and fa (e) =0, and so fe (e) <4. 
(2) If e = (4,7) (¢+1,7 — 1) or (n, 7) (1,7 —1), where 1 <i<n-—1,and3<j<m-1, 


then fa, (e) = 2, fasuas (e) <1, frye (e) = 1, and fg (e) = 0, and so fg (e) < 4. 

(3) Ife = (i, 1) @ + 1,2) or (1,1) (n, 2), where 1 <i < n—1, then fa, (e) = 1, fasuay (e) < 
1, frur’ (e) =1, and fg (e) = 1, and so fg (e) < 4. 

(4) Ife = (i, 2) (@+ 1,1) or (1,2) (n,1), where 1 <i < n—1, then fa, (e) =1, fasuasy (e) < 
1, fry’ (e) = 0, and fg (e) = 1, and so fg (e) < 3. 

(5) Ife = (1,7) (6,7 +1) where 1 < 7 < m—2, then fa, (e) = 0, faguas; (€) < 2, fpyr (e) = 
1, and fg (e) = 0, and so fx (e) < 3. 

(6) Ife = (1,7) (6,7 — 1) where 2 < 7 < m—2, then fa, (e) = 0, faguas (€) < 2, frye (e) = 
1, and fg (e) = 0, and so fx (e) < 3. 

(7) Ife = (¢,m—1) (¢+1,m) or (i,m) (i+ 1,m—1) or (1,m) (n,m —1) , wherel <i< 
n—1, then fa, (e) =1, fasuas (€) <1, frup (e) = 1, and fa (e) < 1, and so fx (e) < 4. 

(8) Ife = (1, m) (6,m — 1) or (1, m—1) (6,m) , then fa, (e) = 0, fasuas (e) <1, fru (e) = 
1, and fg (e) < 1, and so fy (e) < 3. 

(9) Ife = (4,1)(¢@+1,m) or (¢+ 1,1) (¢,m) , where 1 < i < n— 2, then fa, (e) = 0, 

3. 


fasuas (€) = 0, frur’ (€) <2, and fa (e) < 1, and so fg (e) < 


(10) If e = (1,1) (6,m) or (1,m) (6,1), then fa, (e) = 0, fasuas (e) = 9, frur (e) = 1, 
and fg (e) = 0, and so fg(e) <1. 

(11) Ife = (1) (n,m) or (n, 1) (1,m), then fi, (e) = 0, FAsUAs (e) = 0, frur’ (e) <1, 
and fg (e) <1, and so fg (e) < 2. Therefore B is a 4-fold basis. 


Subcase 6b. m < 6. Then consider the following set of cycles: A,,c¢1,c2 are as in Case 1 and 
A, and As are as in Case 4, and 


cg = (1,1)(2, 2)(1,3)(2,4)...(1, m)(2, 1), 2) (2,3)... (2, m)(1, 1). 


Using similar arguments to Case 5, we can show that A, U Aq U As U {c1,c2,¢3} is a 
linearly independent set. Now, let c4 and cs be the two cycles as in the Subcase 6a. Then cq 
contains the edge (n,m)(1, 1) which does not appear in the cycles of Ay U Ay U As U {c1, c2, 3}. 
Thus, Ay U Aq U As U {c1, C2, €3, c4} is linearly independent. Similarly, c5; contains the edge 
(n,1)(1,m) which does not appear in any cycle of Ay U Ay U Aq U {c1, C2, ¢3,c4}. Therefore, 
A; U Aq U As U {¢1, C2, €3, C4, C5} is linearly independent. Now, for j = 2,3,...,m define the 
following cycles: 


Fe = (1,9)2,j9-D@8,7j -2)...9, DG +1, m)G+2,m—1)94+3,m— 2)... 
(m+ 1,7)(m + 2,7 —1)(m+ 3,7)... (6,7 — 10,9), 
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and for 7 = 1,2,3,...,m—1 


Fo = (1,9)(2,79+1)(8,7 + 2)...(m—j +1,m)(m — 7 + 2,1)(m — 7 +3, 2) 
(m—j+4,3)...(m4+1,7)(m + 2,7 + 1)(m4+ 3,7)... (6,7 +1), 9). 


Moreover, define 


FL = (1,1)(2,m)(3,m—1)(4,m—2)...(m+1,1)(m+2,m)(m +3,1)...(6,m)(1, 1) 
Fi, = (1,m)(2,1)(3, 2)(4,3)...(m+1,m)(m + 2,1)(m+3,2)...(5,1)(1,m). 


F=U",F, and F =U",F,. 
Note that each cycle of F UF’ contains an edge of the form (5,7 + 1)(1,7) or (6,7 — 1)(1,3) 
which does not appear in other cycles of 


B=A,UA,UA; UFUF U {e1, €2, ¢3, C4, C5} 


Thus, 6 is linearly independent. Since 


5 
|B] = |Ai| + Aal + [4s] + FI + FP 1+ Soleil 
i=1 
= (m—2)n+(n—-2)+(n-—2)4+m+m+5 


= mn+2m+1 
= dimC(@, x Cn), 


B is a basis for C(O, x Cy). Now to complete the proof, we show that B is a 4-fold basis. Let 
e € E(@, Xx Cm). Then 


(1) ife = (¢,7) @+1,7 +1) where 1 <i<d-—2,and1<j<m-—Jor (i,j) (i-1,j—-1), 
where 2<i<6—1,and2<j<™m, then fa,ufe,s_, (€) S 2, faguas (e) S 1, frur (e) <1, 
and so fp (e) < 4. 

(2) Ife = (i, 7) @+1,7 +1) where 6 <i<n—1,and1<j<m-—lor (i,j) (@-1,7-1), 
where d+1<i<n,and2<j<™m, then f4,ufejs_, (€) <3, fasuas (e) <1, fru (e) = 0 
and so fg (e) < 4. 


(3) If e = (i, 1) (@+1,m) or (@+1,1)(@,m) or (1,1) (n,m) or (1,m) (n,1) where 1 <i < 
n—2, then fa,ue,}s_, (€) <1, fasuds (€) < 2, frur’ (e) = 0 and so fg (e) < 3. 
(4) If e = (1,7) (6,7 +1) or (1,7 +1) (6,7) or (1,1) (6,m) or (1,m) (6,1) where 1 < j < 


m—1, then fa,ufe;}s_, (€) $1, fasuas (e) <1, frur (e) <1, and so fg (e) < 3. 


(5) Ife = (1,1) (n,m) or (1,m) (n,1), then Fagutes ped (e) <1, fayuas(e) = 9, frur’ (e) = 
0, so fg (e) <1. 
Thus, 6 is a 4-fold basis. The proof of this case is complete. 
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Case 7. mand n are odd, and 6 is even. According to the relation between m and n, we split 


this case into two subcases. 


Subcase 7a. m > n. Then consider the following sets of cycles: A,, Ag and A3 are as in Case 
1 and cy, c2,¢3, c and C5 are as in Case 2. Also, for 1 = 2,3,...,n, define the following cycles: 


BR = G1)@-1,96-2,3)...0,4),141) i114 20-9043)... Gntd) 
(i —1,n +2) (i,n+3)...(i—1,m) (4,1), 


and for 1 = 1,2,3,...,n—1 


Fo = (i,1)(é+1,2) @+2,3)...(n.n—-i+1) (1,m—i+2) 
(2,m—i4+3)...(¢,n+1I)G+1,n4+ 2)(i,n+3)...(é+1,m) (é,1). 
Moreover, set 
FL, = (1,1) (m,2)(n—1,3) (n—2,4)...(1,n+1) (n,n +2) (1,n+3)... 
(1,m—1) (n,m) (1,1), 


and 


F, = (n,1)(1,2) (2,3) (3,4)... (n,n +1) (1,n +2) (n,n +3) 
(1,n+4)...(n,m—1)(1,m) (n,1). 


Let 
F=U",F and F =U",F. 


By Case 2, Aj U Ap U A3 Ucy Ucg Uc3 U Ch Uc, is linearly independent. By a similar argument 
as in Subcase 6a, we can show that 
B= A,UA,U A3 UFUF Uc, Ucg Uc3 Ue, Uc 


is a linearly independent set of cycles. Since 


3 3 
IB) = SUA +IFI+IF | + So led + lel + leal 
i=1 i=1 
= (m—2)n+(m—2)+(m—-2)+n4+n4+5 
mn+2m-+ 1 


= dim C(O, x Cm), 


B is a cycle basis of 0, X Cm. For simplicity, set Q = U3_, {ci}3_,. Let e € E(@n X Cm). Then 


(1) ife = (4,7) @+1,7 +1) or (n, 7) (1,7 +1), where 1 <i<n-—1,and2<j<m-—-2, 
then fay (e) = 2, fAsUAs (e) <1, frur’ (e) =I. Fd ued (e) = 0 and fa (e) = 0, and so fg (e) <4, 
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(2) If e = (4,7) (@+1,9 — 1) or (n,j) (1,7 —1), where 1 <i< n-—1,and3<j<m-1, 
then fa, (e) = 2, faguas (e) < 1, frye (e) = 1, Fiue (e) = 0 and fg (e) = 0, and so fg (e) < 4. 

(3) Ife = (é, 1) @ + 1,2) or (1,1) (nm, 2), where 1 <i < n—1, then fa, (e) = 1, fasuasy (e) < 
1, frur (e) =1, Fie (e) =0 and fg (e) = 1, and so fg (e) < 4. 

(4) Ife = (i, 2) (@+1,1) or (1,2) (n,1), where 1 <i < n—1, then fa, (e) =1, fasuay (e) < 
1, frup’ (€) = 9, foruc, (e) = 0 and fg (e) = 1, and so fg (e) < 3. 

(5) Ife = (1,7) (6,7 + 1), where 1 < 7 < m—2, then fa, (e) =0, fasuas (€) < 2, frur (e) = 
1, fel uel, (e) =0 and fg (e) =0, and so fx (e) < 3. 

(6) If e = (1,7) (6,7 — 1), where 2 < j <m-—2, then fa, (e ~ fasuAs (e) < 2, 

frur’ (e) =9, furuet, (€) = 0 and fg (e) = 0, and so fg (e) < 

(7) If e = (t,m—1) (i +1,m) or (t,m) (¢+1,m-—1) or (1,m) (n,m—1), where 1 <i< 
n—1, then fa, (e) = 1, fasuas (€) < 1, frye (e) = 1, Fetuct, (€ (e) = 0 and fg (e) < 1, and so 
fa(e) <4 

(8) Ife = (1, m) (6, m — 1) or (1, m—1) (6,m) , then fa, (e) = 0, faguas (€) < 1, fpye (e) = 
0, fet ue, (€) = 0 and fa (e) < 1, and so fg (e) < 2 

(9) If e = (é,1)(¢@+1,m) or @ + 1,1) (@, ~ where 1 <i < n—2, then fa, (e) = 0, 
fasuas (e) = 0, frye (e) = 1, fet uct (e) <1 and fg (e) =0, and so fx (e) < 2. 

(10) If e = (1,1) (6,m) or (m,1) (6,1), then fa, (e) = 0, fazua, (€) = 9, frye (e) = 0, 
Fue. (e) =1 and fg (e) = 0, and so fg (e) < 1. 

(11) Ife = (1,1) (a, m) or (m,1) (1m), then fa, (e) = 0,. fasuas (e) = 0, frye (€) = 1, 
Jie, (e) <1 and fg (e) = 0, and so fg (e) < 2. Therefore BG is a 4-fold basis. 
Subcase 7b. m <n. Then consider c, and c, as in Case 2 and c;, Ay and As as in Case 5. 


Moreover, set 


A, = Ar—{{(1,7) (2,7 +1) (0,9 +2) (n,7 +1) (1,9) 7 = 1,2,...,m—2} 
U{(n, J (n—-1,9+ 1) (n,7+2)0,7+ 1) (n, 7): 7 =1,2,...,m—2}}, 


where A, is as in Case 1. Also, set 


/ 


Ay = {(1,9)(2,5 +1) (3,9) (4,94+1)...(6,9 +1) (1, 9)9 = 1,2,...m— 1} 

Az = {(1,97-1) (2,3) (3,9 -1).-.(65) (1,9 -— Dlg = 2,...m}}. 

By Case 5 and noting that each cycle of A, UA; contains an edge of the form (6,7 + 1) (1,7) for 
some 1 < 7 <m-—1 or an edge of the form (6,7) (1,7 — 1) for some 2 < 7 < m which appears 
in no cycle of A; U.A4U As Uc, Ucy Ucs, we have that A, U AS U Az U Ag U As Uc, U cy Ucs is 
linearly independent. Now, for 7 = 2,3,...,m, consider the following cycles: 


Fe = (1,9)2,j9-D@8,7j -2)...9, DG +1, m)G+2,m—1)94+3,m— 2)... 
(m+ 1,7)(m + 2,7 —1)(m+ 3,9)... (n,7 — 1), 9), 
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and for 7 = 1,2,3,...,m—1 


F. = (1,9)(2,7 +1)(3,j +2)...(m—j+1,m)(m—j +2,1)(m— j +3,2)(m—j +4,3)... 
(m+1,j)(m+ 2,7 +1)(m4 3,7)... (n,7 +1), 5). 


Moreover, set 


FL = (1,1)(2,m)(3,m-—1)(4,m—2)...(m+1,1)(m+2,m)(m+3,1)...(n,m)(1,1) 
Fi, = (1,m)(2,1)(3, 2)(4,3)...(m+1,m)(m + 2,1)(m + 3,2)...(n,1)(m, 1), 


Let 
F=U",F, and F =U",F,. 


Using a similar arguments as in Subcase 6b, we show that 
B= A,UA,UA,U4A4U A5 UFUF Uc, Uc Uc, 


is linearly independent. Note that 


3 
IB) = So |A|+|4a) + ]45/+|F]41F | +3 
i=1 
= (m—2)(n—2)4+(m—1)4+ (m—-1)4+ (n-2)4+(n—-2)+m+m+3 
= mn+2m+1 


= dimC (6, x Cm). 


Thus, 6 is a basis for C (0, * Cm). Now, let e € E(0, x Cy). Then 


(1) Ife = (¢,7) @+1,7 +1), where 1 <7 <n—2,and1 <j < m—1, then FAL UALUALUAQUAS (e) < 
3, frur (e) =1, ee (e) = 0 and Fig et (e) =0, and so fg (e) < 4. 

(2) Ife = (t,7) (@-1,7 +1), where 2 <i <n—1,and1 <j < m-—1, then Fat uALUALUAQUAs (e) < 
3, frur (e) <1, rea (e) = 0 and Lee (e) = 0, and so fg (e) < 4. 

(3) Ife = (n— 1,9) (n,9 +1) or (n-— 1,7 +1) (n, J)or (n — 1,1)(n,m) or (n — 1,m)(n, 1), 
where 1 < j < m-— 2, then Ja iAr UA AQUAS (er Dy Jeyer te) = 0; Fray (€) < 1 and 
ee: (e) = 0, and so fg (e) < 4. 

(4) If e = (1,9) (6,7 +1) or (1,7 +1) (6, f)or (1,1) (6,m) or (1,m) (6,1) where 1 < 7 < m, 
then Fal UALUALUAWUAs (e) < 1, frur’ (e) < 1, Jiae (e) = 0 and eee (e) < 1, and so 
fi (e) <3. 

(5) Ife = (1,9) (n,j +1) or (1,9 +1) (rn, 7 +1) or(1,1) (n,m) or (1,m) (n,1) where 1 < 
js m—1, then fa’ atuatuauas (¢) = 0, frur (€) <1, Frey Ce) = 0 and fro 3 (€) = 0, 
and so fg (e) < 1. Thus, B is a 4-fold basis of C(0,, x Cy). The proof of this case is complete. 


Case 8. m,n and 6 are odd. By relabeling the vertices of 0, in the opposite direction, we get 


a similar case to Case 6. The proof of this case is complete. 


By combining Lemma 3.3 and Lemma 3.4, we have the following result. 
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Theorem 3.5. For any graph 0, of order n > 4 and cycle Crm of order m > 3, we have 
3 < D(On X Cm) <4. 
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Abstract: In this note, we prove that every regular curve in four dimensional Euclidean 
space satisfies a vector differential equation of fifth order. Thereafter, in the same space, 
a relation among curvatures functions of inclined curves is obtained in terms of harmonic 


curvatures, which is related with Smarandache geometries ({5]). 
Key Words: Euclidean space, Frenet formulas, inclined curves, harmonic curvatures. 
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§1. Introduction 


At the beginning of the twentieth century, A.Einstein’s theory opened a door of use of new 
geometries. These geometries mostly have higher dimensions. In higher dimensional Euclidean 
space, researchers treated some topics of classical differential geometry [1], [2] and [3]. 

It is well-known that, if a curve differentiable in an open interval, at each point, a set of 
mutually orthogonal unit vectors can be constructed. And these vectors are called Frenet frame 
or moving frame vectors. The rates of these frame vectors along the curve define curvatures 
of the curves. The set, whose elements are frame vectors and curvatures of a curve, is called 
Frenet apparatus of the curves. 

In [1], author wrote a relation of inclined curves. In this work, first, we prove that every 
regular curve in four dimensional Euclidean space satisfies a vector differential equation of fifth 
order. This result is obtained by means of Frenet formulas. Then using relation of inclined 
curves written in [1], we express a new relation for inclined curves in Euclidean space E*, which 
is related with Smarandache geometries, see [5] for details. 


§2. Preliminaries 


To meet the requirements in the next sections, here, the basic elements of the theory of curves 
in the space E* are briefly presented (a more complete elementary treatment can be found in 
i). 

Let a: 1 C R= E* be an arbitrary curve in the Euclidean space E*. Recall that the curve 
a is said to be of unit speed (or parameterized by arclength function s) if (a’(s),a’(s)) = 1, 
where (.,.) is the standard scalar (inner) product of E+given by 
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(X,Y) = a1y1 + ceyo + egy3 + Vaya, (1) 


for each X = (21, 22,273,241), Y = (yt, y2,y3, ya) € E*. In particular, the norm of a vector 
X € E* is given by 


|X] = V(X). 


Let {T(s), N(s), B(s), E(s)} be the moving frame along the unit speed curve a. Then the 
Frenet formulas are given by [2] 


T’ 0 K 0 O T 
N' —K 0 r 0 N 
|= (2) 
B 0 —-r O oa B 
E! 0 0 -c O E 


Here T, N, B and E are called the tangent, the normal, the binormal and the trinormal vector 

fields of the curves, respectively, and the functions «(s),7(s) and o(s) are called the first, the 

second and the third curvature of a curve in E*, respectively. Also, the functions H; = * and 
T 


H! 
Hy = — are called harmonic curvatures of the curves in E*, where k 4 0,7 £0 anda £0. 


a 
Let a: 1 C R— E* be a regular curve. If tangent vector field T of a forms a constant angle 
with unit vector U, this curve is called an inclined curve in E%. 

In the same space, the author wrote a characterization for inclined curves with the following 


theorem in [1]. 


Theorem 2.1 Let a:I C R— E* be an unit speed regular curve with curvatures k 40,7 #0 


and o #0. a is an inclined curve if and only if there is a relation 


Ss s 


~ = A.cos [ ods. + B.sin [ ods, (3) 
0 0 


where A,B eR. 


§3. Vector Differential Equation of Fifth Order Satisfied by Regular Curves in E* 


Theorem 3.1 Let X: I C R— E* be an unit speed regular curve with curvatures k 4 0,7 4 0 
anda #0 in E*. Position vector and curvatures of a satisfies a vector differential equation of 
fifth order. 


Proof Let X : I C R — E* be an unit speed regular curve with curvatures x 4 0,7 4 0 
and o £0 in £4. Considering Frenet equations, we write that 


fi 
7 


N (4) 


and 
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1 
B=—-=(nT +N’). (5) 
T 
Substituting (3) in (1)3, we get 
Paco? tek (6) 
Ki 


Then, differentiating (3) and substituting it to (4), we find 
1 T’ 
B=- [ar + 2) : (7) 
T Ki 
Taking the integral on both sides of (1)4, we know 


i / aBas (8) 


and substituting (6) to (7), we get 


Applying (8) in (5), we have 


B= a = o [2 [ar + =) ds. (10) 


Similarly, differentiating (6) and considering (9), then 


1,,/0"« —T'k’ 


|e ee 
T K 
m Tel") 2 — Dew (T 6 — T' el 
Ly ci ce mek) Dar + 6r"| =0 (11) 
T Kt 
T' 
oat bag fer + (| ds 
K T K 


is obtained. One more differentiating of (10) and simplifying this with X= T,X= T’, X 
TT! XY) =T" and XV) = TY) we know 


f ee! 1 2 
— | x”) ud Hyri4(—_y |} x Uv) 
=| : ao a ea 7 
Laid 1k’ 1 Kl" 2 a? 
es — 2(—)' — 2p! —_ eee 5 ne eal Ee 
(2) K a K2 e rae) K2T ae eer KT 
ae KI! Qn! 1 1 1 
Sey — Shy + by why tone Ly + (LY =0. (12) 
Ka 7 K2 ST K3 KA 
26K" ee (ha: 2 !( 1 y a?! a 
= oe a = 
KeT kK K KAT KT 


The formula (12) proves the theorem as desired. 
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§4. A Characterization of Inclined Curves in E* 


Theorem 4.1 Let a:I C R— E* be an unit speed regular curve with curvatures k £ 0,7 #0 


and o £0 in E*. a is an inclined curve if and only if 
H? + H§ = constant, (13) 
where H, and Hy are harmonic curvatures. 


Proof Let a be an regular inclined curve in E*. In this case, we can write 


8 Ss 


a= cos | ods. + B.sin [ ods (14) 
= 


where A, B € R. If we differentiate (14) respect to s, we get 


s s 


2g = —A. sin [ ods. +B.cos [ ods. (15) 
oa ds *T 


Similarly, one more differentiating (15) respect to s, we have 


dlld_eKt . / . / 
te +25) - —Aosin f ods = Bosin | ods, (16) 
0 0 


di. 
Using notations oH; = o~ and — in (16), we find 
TF 
dH 
A, + —=0. 17 
of, + ae (17) 


1 
Multiplying both sides of (17) with —H{ = Ho, we obtain 
ol 


Ay H! + HH = 0. (18) 


The formula (18) yields that 


H? + H2 = constant. (19) 


Conversely, let relation (19) hold. Differentiating (19) respect to s, we know 


Hy Hi + HoH) =0. (20) 


Similarly differentiating of expressions of harmonic curvatures and using these in (20), we 
have the following differential equation 


1 11 
Hi + =(=) Hi + Hy =0. (21) 
oO oo 
Using an exchange variable t = { ods in (20), 
0 
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Hy, +H, =0. (22) 


Here, the notation H, indicates derivative of H; according to t. Solution of (22) follows 
that 


AH, = Acost+ Bsint, (23) 
where A, B € R. Therefore, we write that 


ee A.cos | ods, + Basin f ods (24) 
- 
0 0 


By Theorem 2.1, (24) implies that a is an inclined curve in E+. 
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Abstract: For any vertex x in a connected graph G of order p > 2, a set S C V(G) is an 
x-detour set of G if each vertex v € V(G) lies on an x — y detour for some element y in S. 
The minimum cardinality of an x-detour set of G is defined as the x-detour number of G, 
denoted by dz(G). An «-detour set of cardinality dz(G) is called a dz-set of G. An x-detour 
set Sz is called a minimal x-detour set if no proper subset of S; is an x-detour set. The upper 
x-detour number, denoted by d/(G), is defined as the maximum cardinality of a minimal 
a-detour set of G. We determine bounds for it and find the same for some special classes of 
graphs. For any three positive integers a,b and n with a > 2 and a < n < b, there exists a 
connected graph G with dz(G) = a, di (G) = b and a minimal x-detour set of cardinality n. 
A subset T of a minimum x-detour set Sz of G is an x-forcing subset for S, if Sz is the unique 
minimum «-detour set containing T. An x-forcing subset for S; of minimum cardinality is a 
minimum 2-forcing subset of Sz. The forcing x-detour number of Sz, denoted by fax(Sz), is 
the cardinality of a minimum 2z-forcing subset for S,. The forcing x-detour number of G is 
fax(G) = min { facz(Sz)}, where the minimum is taken over all minimum x-detour sets Sz in 
G. It is shown that for any three positive integers a,b and c with 2 < a < b <c, there exists 


a connected graph G with fax(G) =a, dz(G) = b and d{(G) = ¢ for some vertex x in G. 


Key Words: detour, vertex detour number, upper vertex detour number, forcing vertex 


detour number. 
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§1. Introduction 


By a graph G = (V, EF) we mean a finite undirected connected graph without loops or multiple 
edges. The order and size of G are denoted by p and q respectively. For basic graph theoretic 
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terminology we refer to Harary [6]. For vertices x and y in a connected graph G, the distance 
d(x, y) is the length of a shortest x — y path in G. An a — y path of length d(a, y) is called an 
x —y geodesic. The closed interval I[x, y] consists of all vertices lying on some x — y geodesic 


of G, while for S C V, I[S]} = U I[z,y]. A set S of vertices is a geodetic set if I[S] = V, 
zyes 
and the minimum cardinality of a geodetic set is the geodetic number g(G). A geodetic set of 


cardinality g(G) is called a g — set. The geodetic number of a graph was introduced in [1,7] 
and further studied in [3]. 


The concept of vertex geodomination number was introduced by Santhakumaran and Titus 
in [8] and further studied in [9]. Let x be a vertex of a connected graph G. A set S of vertices 
of G is an x-geodominating set of G if each vertex vu of G lies on an x — y geodesic in G for 
some element y in S. The minimum cardinality of an «-geodominating set of G is defined as the 
x-geodomination number of G and is denoted by g,(G). An x-geodominating set of cardinality 
9x(G) is called a g,-set. The connected vertex geodomination number was introduced and 
studied by Santhakumaran and Titus in [11]. A connected x-geodominating set of G is an 
x-geodominating set S' such that the subgraph G[S] induced by S is connected. The minimum 
cardinality of a connected «-geodominating set of G is the connected x-geodomination number 
of G and is denoted by cg,(G). A connected x-geodominating set of cardinality cg,(G) is called 
a Cgx-set of G. 


For vertices and y in a connected graph G, the detour distance D(x,y) is the length 
of a longest « — y path in G. An x — y path of length D(a, y) is called an « — y detour. The 
closed interval Ip[x,y] consists of all vertices lying on some x — y detour of G, while for S C V, 


Ip[S} = U Ipla,y]. A set S of vertices is a detour set if Ip[S] = V, and the minimum 
xyes 
cardinality of a detour set is the detour number dn(G). A detour set of cardinality dn(G) is 


called a minimum detour set. The detour number of a graph was introduced in [4] and further 
studied in [5]. 


The concept of vertex detour number was introduced by Santhakumaran and Titus in [10]. 
Let x be a vertex of a connected graph G. A set S of vertices of G is an x-detour set if each 
vertex v of G lies on an x — y detour in G for some element y in S. The minimum cardinality 
of an x-detour set of G is defined as the x-detour number of G and is denoted by d,(G). An 
x-detour set of cardinality d,(G) is called a d,-set of G. A vertex v in a graph G is an x-detour 
vertex if v belongs to every minimum x-detour set of G. The connected «-detour number was 
introduced and studied by Santhakumaran and Titus in [12]. A connected x-detour set of G 
is an x-detour set S such that the subgraph G[S] induced by S' is connected. The minimum 
cardinality of a connected «-detour set of G is the connected x-detour number of G and is 
denoted by cd,(G). A connected x-detour set of cardinality cd,(G) is called a cd,-set of G. 


For the graph G given in Fig.1.1, the minimum vertex detour sets, the vertex detour 
numbers, the minimum connected vertex detour sets and the connected vertex detour numbers 
are given in Table 1.1. An elaborate study of results in vertex detour number with several 


interesting applications is given in [10]. 
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iG) axG 

{y.v, wh, (u,v, 0} 
{w} 
(yh, {2} fu} 


t 
y 
Zz 
u 
v 


pt | tue, 
py ] 

| | ] 

=a ] Ee 


Table 1.1 


The following theorems will be used in the sequel. 


Theorem 1.1({10]) Let x be any vertex of a connected graph G. 


(i) Every end-vertex of G other than the verter x (whether « is end-vertex or not) belongs 


to every x-detour set. 


(ii) No cutvertex of G belongs to any d,-set. 


Theorem 1.2([10]) Let G be a connected graph with cut vertices and let S, be an x-detour set 
of G. Then every branch of G contains an element of Sz \U{z}. 


Theorem 1.3([10]) Jf G is a connected graph with k end-blocks, then d;(G) >k—1 for every 
verter x in G. In particular, if x is a cut vertex of G, then dz(G) > k. 


Theorem 1.4((10]) Let T be a tree with number of end-vertices t. Then d,(T) = t—1 or 
d,(T) =t according as x is an end-vertex or not. In fact, if W is the set of all end-vertices of 
T, then W — {x} is the unique d,-set of T. 


Theorem 1.5({10]) Jf G is the complete graph K,(n > 2), the n-cube Qn(n > 2), the cycle 
C,,(n > 3), the wheel W,, = Ky +Cy-1(n > 4) or the complete bipartite graph Kmn(m,n > 2), 
then d,(G) = 1 for every verter x in G. 


Throughout the following G denotes a connected graph with at least two vertices. 
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§2. Minimal Vertex Detour Sets in a Graph 


Definition 2.1 Let x be any vertex of a connected graph G. An x-detour set Sz, is called a 
minimal x-detour set if no proper subset of S, is an x-detour set. The upper x-detour number, 


denoted by dt (G), is defined as the maximum cardinality of a minimal x-detour set of G. 


It is clear from the definition that for any vertex x in G, x does not belong to any minimal 


z-detour set of G. 


Example 2.2 For the graph G given in Fig.2.1, the minimum vertex detour sets, the minimum 
vertex detour numbers, the minimal vertex detour sets and the upper vertex detour numbers are 


given in Table 2.1. 


w {a,z} 2 {a, z}, {a,t, y}, {a, y, u}, 3 
{a,y, v}, {a, u, v} 
a OR cr nen oc, 


Table 2.1 


Note 2.3 For any vertex x in a connected graph G, every minimum z-detour set is a minimal 
x-detour set, but the converse is not true. For the graph G given in Figure 2.1, {a,u,v} is a 


minimal t-detour set but it is not a minimum ¢-detour set of G. 


Theorem 2.4 Let x be any vertex of a connected graph G. 


(i) Every end-vertex of G other than the vertex x (whether x is end-vertex or not) belongs 


to every minimal x-detour set. 


(it) No cut verter of G belongs to any minimal x-detour set. 
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Proof (i) Let « be any vertex of G. Since x does not belong to any minimal x-detour set, 
let v # x be an end-vertex of G. Then v is the terminal vertex of an x — v detour and v is not 
an internal vertex of any detour so that v belongs to every minimal x-detour set of G. 

(ii) Let y £ x be a cut vertex of G. Let U and W be two components of G — {y}. For any 
vertex x in G, let S; be a minimal x-detour set of G. Suppose that « € U. Now, suppose that 
Si f(\W = 0. Let w; € W. Then w; ¢ S,. Since S, is an x-detour set, there exists an element 
z in S, such that w, lies in some x — z detour P : & = 20, 21, ...,W1,-.52Zn = Z% in G. Since 
Si (|W =@ and y is a cut vertex of G, it follows that the x — w; subpath of P and the w; — z 
subpath of P both contain y so that P is not a path in G. Hence S,()W #4 0. Let we € S21 W. 
Then wo 4 y so that y is an internal vertex of an « — w2 detour. If y € Sz, let S = S,, — {y}. It 
is clear that every vertex that lies on an x — y detour also lies on an 2 — wea detour. Hence it 
follows that S is an x-detour set of G, which is a contradiction to S$, a minimal x-detour set of 


G. Thus y does not belong to any minimal «x-detour set of G. Similarly if « € W, then y does 


not belong to any minimal x-detour set of G. 


The following theorem is an easy consequence of the definitions of the minimum vertex 


detour number and the upper vertex detour number of a graph. 


Theorem 2.5 For any non-trivial tree T with k end vertices, d,(T) = dt (T) =k ork—-1 


according as x is a cut vertex or not. 


(ii) For any vertex x in the complete graph Ky, d,(Kp) = dt ( 
(iti) For any vertex x in the complete bipartite graph Km.n, dK, : =a (Knew) =1 4 
m,n > 2. 


> pa 


(iv) For any vertex x in the wheel Wy, dz(W,) = di (W,) = 1. 


Theorem 2.6 For any verter x in G, 1 < dz(G) < d{(G) < p-1. 


Proof It is clear from the definition of minimum 2-detour set that d,(G) > 1. Since every 


minimum z-detour set is a minimal x-detour set, d,(G) < d{(G). Also, since the vertex x does 


not belong to any minimal z-detour set, it follows that df(G) < p—1. 


Remark 2.7 For the complete graph Ky, d;(K,) =1 for every vertex x in K,. For the graph 
G given in Figure 2.1, dy(G) = d{(G). Also, for the graph Ka, d{(K2) = p—1 for every vertex 
x in K2. All the inequalities in Theorem 2.6 can be strict. For the graph G given in Figure 2.1, 
dw(G) = 2, d5(G) = 3 and p=7 so that 1 < dy(G) < d3(G) <p-1. 


Theorem 2.8 For every pair a,b of integers with 1 < a < b, there is a connected graph G with 
d,(G) =a and d}(G) =b for some verter x in G. 


Proof For a= b=1, K,(p > 2) has the desired properties. For a = b with b > 2, let G 
be any tree of order p > 3 with b end-vertices. Then by Theorem 2.5(i), dz(G) = dt (G) = b 
for any cut vertex x in G. Assume that 1 < a < b. Let F = (K2U(b— a+ 2)K1)) + Ko, where 
let Z = V(Keo) = {z1, 22}, Y = V((b-—@ 4+ 2)K1) = {2, 91, yo, «5 Yo—ati} and U = V(K2) = 
{u1, u2}. Let G be the graph obtained from F’ by adding a— 1 new vertices wi, w2,...,Wa—1 and 
joining each w; to «. The graph G is shown in Fig.2.2. Let W = {wy, wo,...,Wa—1} be the set 
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of end vertices of G. 


Fig.2.2 


First, we show that d,(G) = a for the vertex x in G. By Theorem 1.3, d;(G) > a. On the 
other hand, let S = {wy, wa,...,Wa—1, 21}. Then D(a, z,) = 5 and each vertex of F lies on an 
x — z; detour. Hence S is an x-detour set of G and so d,(G) < |S| = a. Therefore, d,(G) = a. 
Also, we observe that a minimum 2z-detour set of G is formed by taking all the end vertices and 
exactly one vertex from Z. 

Next, we show that di (G) = b. Let M = {w1, wa,..., Wa—15 Yi) Y2) ++) Yo—at1}- It is clear 
that M is an x-detour set of G. We claim that M is a minimal x-detour set of G. Assume, to 
the contrary, that MW is not a minimal x-detour set. Then there is a proper subset T’ of M such 
that T is an x-detour set of G. Let s © M and s ¢ T. By Theorem 1.1(i), clearly s = y;, for 
some i = 1,2,...,o-a+ 1. For convenience, let s = y;. Since y; does not lie on any x — y; 
detour where 7 = 2,3,...,b-—a+1, it follows that T is not an x-detour set of G, which is a 
contradiction. Thus M is a minimal z-detour set of G and so d*(G) > |M| = b. 


Now we prove that d}(G) = b. Suppose that di (G) > b. Let N be a minimal x-detour set 
of G with |N| > b. Then there exists at least one vertex, say v € N such that v ¢ M. Thus 


v € {u1, U2, 21, 22}. 


Case 1. v € {z1, 22}, say v = 2. Clearly WU {21} is an x-detour set of G and also it is a 
proper subset of N, which is a contradiction to N a minimal x-detour set of G. 


Case 2. v € {u, ug}, say v = uy. Suppose ug ¢ N. Then there is at least one y in Y such 
that y € N. Clearly, D(x, ui) = 4 and the only vertices of any x — uy detour are x, 21, 22, U1 
and ug. Also x, ua, 21, 22, U1, y is an x — y detour and hence N — {u;} is an x-detour set, which 
is a contradiction to N a minimal z-detour set of G. Suppose ug € N. It is clear that the only 
vertices of any x — u, or x — ug detour are &, Uj, U2, 21 and zg. Since uj, ug € N, it follows 
that both N — {uy} and N — {uz} are x-detour sets, which is a contradiction to N a minimal 
a-detour set of G. 


Thus there is no minimal x-detour set N of G with |N| > b. Hence d*(G) = b. 


Remark 2.9 The graph G of Figure 2.2 contains exactly three minimal x-detour sets, namely 
W U{zi}, W U{z2} and W L(Y —{x}). This example shows that there is no ” Intermediate Value 
Theorem” for minimal z-detour sets, that is, if n is an integer such that d,(G) < n < d}(G), 


then there need not exist a minimal x-detour set of cardinality n in G. 
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Theorem 2.10 For any three positive integers a,b andn witha > 2 anda<n <b, there exists 


a connected graph G with d.(G) = a, dt (G) = b and a minimal x-detour set of cardinality n. 


Proof We consider four cases. 
Case 1. Suppose a= n= b. 


Let G be any tree of order p > 3 with a end vertices. Then by Theorem 2.5(i), d.(G) = 
d}(G) =a for any cut vertex x in G and the set of all end vertices in G is a minimal x-detour 


set with cardinality n by Theorem 2.4. 
Case 2. Suppose a = n < Db. For the graph G given in Figure 2.2 of Theorem 2.8, it is 


proved that d,(G) = a, di (G) =b and S = {wi, we,..., Wa-1, 1} is a minimal zx-detour set of 
cardinality n. 

Case 3. Suppose a < n = b. For the graph G given in Figure 2.2 of Theorem 2.8, it is proved 
that d.(G) =a, dt (G) = b and S = {wy, wa, ..., Wa—1; Ys Y25 + Yo-at+1} is a minimal v-detour 
set of cardinality n. 

Case 4. Supposea<n<b. Letl=n-—a+landm=b-n+1. 

Let Fy = (Ko U 1K,)+Ko, where let Z\ = V (Ko) = {z1, zo}, Y, = V (li) = {yi, Y2; wy Ut 
and U; = V(K2) = {u1, ug}. Similarly let Fy = (Ko U mk) + Ko, where let 22 = V (Ko) = 
{z3, 24}, ¥3 = V(mk1) = {x1, 22, fait and U2 = V(K2) = {u3, vs}. Let Ky a-2 be the star 
at the vertex x and let W = {wi, w,...,Wa—2} be the set of end vertices of Ky,4~2. Let G be 
the graph obtained from Ky,,~2, Ff; and F2 by joining the vertex x of Ky1,q—-2 to the elements 
of U; and U2. The graph G is shown in Fig.2.3. It follows from Theorem 2.4(i) that for the 


vertex x, W is a subset of every minimal x-detour set of G. 


; 


» Ve-2 


Fig.2.3 


First, we show that d,(G) = a for the vertex x in G. By Theorem 1.3, d,(G) > a. On the 
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other hand, let S = {w1, wa, ..., Wa—2, 21, 23}. Then D(a, 21) = 5 and each vertex of F) lies on 
an x — 2 detour. Similarly, D(x, z3) = 5 and each vertex of F2 lies on an x — z3 detour. Hence 
S is an «-detour set of G and so d,(G) < || = a. Therefore, d,(G) = a. 

Next, we show that d*(G) = b. Let M =WUYiU Ys. It is clear that M is an x-detour 
set of G. We claim that M is a minimal x-detour set of G. Assume, to the contrary, that M is 
not a minimal x-detour set. Then there is a proper subset 7’ of M such that T is an x-detour 
set of G. Let s € M and s ¢ T. By Theorem 1.1(i), clearly s € Y; U Yo. For convenience, let 
s = yi. Since y; does not lie on any x — y; detour, where j = 2,3,...,/ and y; does not lie on 
any x — x; detour, where j = 1,2,...,m, it follows that T is not an x-detour set of G, which is 
a contradiction. Thus M is a minimal z-detour set of G and so d{}(G) > |M| = b. 

Now, we prove that di (G) = b. Suppose that d+ (G) > b. Let N be a minimal «-detour set 
of G with |N| > b. Then there exists at least one vertex, say v € N such that v ¢ M. Thus, 


VE {u1, U2, U3, U4, 21, 22, 23, za}. 


Subcase 1. Suppose vu € {21,22}, say v = 2. Clearly, every vertex of F, lies on an x — 21 
detour and so (N — V(F,)) U{v} is an x-detour set of G and it is a proper subset of N, which 


is a contradiction to N a minimal x-detour set of G. 
Subcase 2. Suppose v € {23, 24}. It is similar to Subcase 1. 


Subcase 3. Suppose v € {wi, ug}, say v = uz. Suppose ug ¢ N. Then there is at least one 
element y in Y; such that y € N. Clearly, D(xz,u1) = 4 and the only vertices of any x — uy 
detour are 2, 21, 22,1 and ug. Also a, ua, 21, 22, U1, y is an x — y detour and hence N — {uy} is 
an x-detour set, which is a contradiction to N a minimal x-detour set of G. Suppose ug € N. 
It is clear that the only vertices of any x — u; or x — ug detour are x, uy, U2, 2; and zg. Since 
U1, U2 € N, it follows that both N—{u,} and N—{uz} are x-detour sets, which is a contradiction 
to N a minimal x-detour set of G. 


Subcase 4. Suppose v € {u3, us}. It is similar to Subcase 3. 

Thus there is no minimal x-detour set N of G with |N| > b. Hence d*(G) = b. 

Now, we show that there is a minimal z-detour set of cardinality n. Let S = {w1, wa,..., 
Wa—2; 235 Y1, Y2, «yt. It is clear that S is an x-detour set of G. We claim that S' is a minimal 
x-detour set of G. Assume, to the contrary, that S is not a minimal z-detour set. Then there is 
a proper subset T of S such that T is an x-detour set of G. Let s € S and s ¢ T. By Theorem 
1.1(i) and Theorem 1.2, clearly s = y; for some i = 1, 2,...,1. For convenience, let s = y1. Since 
yi does not lie on any x — y; detour where j = 2,3,...,1, it follows that T is not an x-detour set 
of G, which is a contradiction. Thus S' is a minimal x-detour set of G with cardinality |S| =n. 


Hence we obtain the theorem. 


§3. Vertex Forcing Subsets in Vertex Detour Sets of a Graph 


Let x be any vertex of a connected graph G. Although G contains a minimum z-detour set 
there are connected graphs which may contain more than one minimum 2-detour set. For 
example the graph G given in Fig. 2.1 contains more than one minimum z-detour set. For each 


minimum z-detour set S, in a connected graph G there is always some subset T of S, that 
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uniquely determines S,, as the minimum z-detour set containing T. Such sets are called ” vertex 


forcing subsets” and we discuss these sets in this section. 


Definition 3.1 Let x be any verter of a connected graph G and let S, be a minimum «- 
detour set of G. A subset T C S, is called an x-forcing subset for S, if Sy, is the unique 
minimum x-detour set containing T. An x-forcing subset for x of minimum cardinality is a 
minimum «-forcing subset of S;. The forcing x-detour number of S,, denoted by fax (Sx), 
is the cardinality of a minimum «x-forcing subset for S,. The forcing x-detour number of G is 
fax(G) = min {fax(Sx)}, where the minimum is taken over all minimum x-detour sets S_. in 


G. 


Example 3.2 For the graph G given in Figure 1.1, the minimum x-detour sets, the x-detour 


numbers and the forcing x-detour numbers for every vertex x in G are given in Table 3.1. 


Minimum «z-detour sets Forcing «-detour number 
pt | ue} feo {ue} 


{y, wh, a 7 {u, w} 
{y}, {2}, tut 


Table 3.1 


Theorem 3.3 any vertex x in a connected graph G,0< fax(G) < dz(G). 


Proof Let « be any vertex of G. It is clear from the definition of fac(G) that fac(G) > 0. 
Let S, be any minimum 2z-detour set of G. Since far(S:) < dz(G) and since faz(G) = min 
{fax(Sx) : S, is a minimum «-detour set in G}, it follows that fas(G) < d.(G). Thus 0 < 
fax(G) < d,(G). 


Remark 3.4 The bounds in Theorem 3.3 are sharp. For the graph G given in Figure 1.1, 
fay(G) = 0 and faw(G) = dy(G) = 1. Also, the inequality in Theorem 3.3 can be strict. For 
the same graph G given in Figure 1.1, 0 < fay(G) < d,(G). 

The following theorem characterizes those graphs G having fa:(G) = 0, fax(G) = 1 or 
fax(G) = d,(G). Since the proof of this theorem is straight forward, we omit it. 


Theorem 3.5 Let x be any vertex of a graph G. Then 


(i) fax(G) = 0 if and only if G has a unique minimum «-detour set. 

(it) fax(G) = 1 if and only if G has at least two minimum «-detour sets, one of which is 
a unique minimum «x-detour set containing one of its elements. 

(itt) fax(G) = dz(G) if and only if no minimum «-detour set of G is the unique minimum 


az-detour set containing any of its proper subsets. 
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Theorem 3.6 Let x be any vertex of a connected graph G and let Sz, be any minimum x-detour 
set of G. Then 


(i) no cut vertex of G belongs to any minimum x-forcing subset of Sx. 


(ii) no w-detour vertex of G belongs to any minimum «-forcing subset of Sx. 


Proof Let x be any vertex of a connected graph G and let S, be any minimum z-detour 
set of G. 

(i) Since any minimum z-forcing subset of 5, is a subset of S;, the result follows from 
Theorem 1.1 (ii). 

(ii) Let v be an x-detour vertex of G. Then v belongs to every minimum x-detour set of 
G. Let T C S, be any minimum x-forcing subset for any minimum z-detour set S; of G. We 
claim that v ¢ T. If v € T, then T’ = T — {v} is a proper subset of T such that 5, is the unique 
minimum z-detour set containing T’ so that T’ is an x-forcing subset for 5; with |T’| < |T|, 


which is a contradiction to T’ a minimum z-forcing subset for S,. 


Corollary 3.7 Let x be any vertex of a connected graph G. If G contains k end-vertices, then 


Proof This follows from Theorem 1.1(i) and Theorem 3.6(ii). 


Remark 3.8 The bound for fa.(G) in Corollary 3.7 is sharp. For a non-trivial tree T with k 
end vertices, fax(T) = 0 = d,(T) —k+1 for any end vertex x in T. 


Theorem 3.9 (i)JfT is a non-trivial tree, then fax(T) =0 for every vertex x in T. 

(ii) If G is the complete graph K,, (n > 3), the n-cube Qn (n > 2), the cycle C, (n > 3), 
the wheel W, = Ky, + Cy_-1 (n > 4) or the complete bipartite graph Kmn (m,n > 2), then 
fax(G) = d,(G) = 1 for every vertex x in G. 


Proof (i) This follows from Theorem 1.4 and Theorem 3.5(i). 
(ii) For each of the graphs in (ii) it is easily seen that there is more than one minimum 
x-detour set for any vertex x. Hence it follows from Theorem 3.5(i) that fac(G) 4 0 for each 
of the graphs. Also, by Theorem 3.3, fac(G) < dz(G). Now it follows from Theorem 1.5 that 
fax(G) = d,(G) = 1 for each of the graphs. 


Theorem 3.10 For any vertex x in a connected graph G, 0 < fax(G) < dz(G) < dt (G). 


Proof This follows from Theorems 2.6 and 3.3. 


The following theorem gives a realization for the parameters faz(G), de(G) and di (G). 


Theorem 3.11 For any three positive integers a,b and c with2 <a<b<c, there exists a 
connected graph G with fax(G) =a, de(G) = b and dt(G) =c for some verter x in G. 


Proof For each integer i with 1 <i <a-—1, let F; be a copy of K2, where v; and v; are the 
vertices of F;. Let Ay,,~a be the star at the vertex x and let U = {u1, ua, ..., up—a} be the set of 
end vertices of Ky ,~q. Let H be the graph obtained from Ky»), by joining the vertex x to the 
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vertices of F; (1 <i<a—1). Let K = (KoU(e—b+1)K1) + Koa, where Z = V(K2) = {21, 2a}, 
Y =V((c—b+1)K1) = {y1, yay) Yep} and X = V(K2) = {21,22}. Let G be the graph 
obtained from H and K by joining « with v7; and x2. The graph G is shown in Fig.3.1. 


Ma-b Vg_1 


Fig.3.1 


Step I. First, we show that d,(G) = b for the vertex x in G. By Theorem 1.3, d,(G) > b. On 
the other hand, ifc—b+1> 1, let S = {uj, ua, ..., Wa, U1, V2, ++, Va—-1, 21} be the set formed 
by taking all the end vertices and exactly one vertex from each F; and Z, and ifc—b+1=1, 
let S = {u1, Ua, ..., Wp—a; U1, V2; ++, Va—-1; 21} be the set formed by taking all the end vertices and 
exactly one vertex from each F; and ZU{yi}. Then D(x, 21) = 5 and each vertex of K lies on 
an x — z, detour and each vertex of F; lies on an x — v; detour. Hence S is an x-detour set of 
G and so d;(G) < |.S| = b. Therefore, d;(G) = b. 


Step II. Now, we show that fa:(G) =a. Since every minimum «z-detour set of G contains U, 
exactly one vertex from each F; (1 <i < a-—1) and one vertex from Z or Z\J{y1} according 
as c > b or c = b respectively, let S = {uy, ua, ..., Up—a; V1; V2; +) Va—-1, 21} be a minimum «z- 
detour set of G and let T C S' be any minimum z-forcing subset of S. Then by Theorem 3.6(ii), 
T C S—U. Therefore, |T| < a. If |T| < a, then there is a vertex y € S —U such that y ¢ T. 


Now there are two cases. 


Case 1. Let y © {v1, v2,...,Ua—1}, say y = v1. Let S” = (S — {v1}) Uf{v}}, where uv be the 
vertex of F, other than v,. Then S’ 4 S and S’ is also a minimum 2-detour set of G such that 


it contains T, which is a contraction to T an x-forcing subset of S. 


Case 2. Let y = 2. Then exactly similar to Case 1 we see that |T| < a is not possible. Thus 
|T| =aand so far(G) =a. 


Step III. Next, we show that dt(G) = c. Let M = {uy, Ua, -) Up—ay U1, V25 65 Va—15 Ys Y2; 
5 Yc—b+1}- It is clear that M is an a-detour set of G. We claim that M is a minimal x-detour 
set of G. Assume, to the contrary, that M is not a minimal x-detour set. Then there is a proper 
subset T of M such that T is an x-detour set of G. Let s € M and s ¢ T. By Theorem 1.2, 
clearly s = y; for some i = 1,2,...,.c - b+ 1. For convenience, let s = y,;. Since y; does not lie 
on any « — y; detour where j = 2,3,...,.c —b+ 1, it follows that 7’ is not an x-detour set of 
G, which is a contradiction. Thus M is a minimal z-detour set of G and so d{(G) > |M| =c. 
Now suppose d{(G) > c. Let N be a minimal x-detour set of G with |N| > c. Then at least one 
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vertex w € N such that w ¢ M. It is clear that every minimal x-detour set contains exactly 


one vertex from each F;. Then by Theorem 2.4(i), w € {x1, 2, 21, 22}. 


Case 1. Let w © {21, zo}, say w = 21. Since every vertex of K lies on an x — z; detour we have 
(N —V(K))U {21} is an x-detour set and it is a proper subset of N, which is a contradiction 
to N a minimal «-detour set of G. 


Case 2. Let w € {21,72}, say w = 21. Suppose 2 ¢ N. Then there is at least one y in Y such 
that y € N. Clearly, D(x,21) = 4 and the only vertices of any x — x; detour are x, 21, 22,01 
and x2. Also x, 2, 21, 22,21, y is an x — y detour and hence N — {2} is an x-detour set, which 
is a contradiction to N a minimal z-detour set of G. Suppose x2 € N. It is clear that the only 
vertices of any x — x2, or x — £2 detour are @, 21, 22,41 and xg. Since 21,22 € N, it follows 
that both N — {a} and N — {x2} are x-detour sets, which is a contradiction to N a minimal 
z-detour set of G. 

Thus there is no minimal x-detour set N of G with |N| > c. Hence d?(G) =c. 
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